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1 Introduction

The gyrokinetic theory [BH07] addresses the description of turbulence and of the associated transport in

strongly magnetised plasmas. It exploits the scale separation between the (fast) gyro-motion and (slow)

turbulence evolution, to perform a reduction of the Vlasov-Maxwell system of equations and eliminate the

gyro-motion from the dynamics. Gyrokinetic theory is to date the most advanced theory to model turbulent

transport in tokamak plasmas. While solving the complete gyrokinetic system of equations is possible on

present largest supercomputers, it still requires extreme computational resources. Reduced versions, with

various trade-off between accuracy and tractability, have therefore been developed. The current reference for

the construction of transport models in tokamak simulation frameworks is the delta-f flux-tube limit of the

gyrokinetic system of equations [YMA
+

25].

In this limit, spatial and temporal scale separation is assumed between fluctuating quantities, varying on

the scale of the Larmor radius and evolving on the scale of the transit/drift frequencies, and background quan-

tities, varying on the scale of the plasma minor radius and assumed static. The gyrokinetic system of equations

is solved in the vicinity of a selected flux surface in a radially and poloidally bounded domain that follows

a magnetic field line (a flux-tube). Equilibrium quantities (e.g., magnetic field, temperature, density) are as-

sumed constant across the flux-tube and turbulence is considered homogeneous in the plane perpendicular

to the equilibrium magnetic field. This is the local approximation. The distribution function of gyrocenters of

each species is split into an equilibrium part, usually a Maxwellian, and a fluctuating part. This is the delta-f

approximation.

Over the years, a number of gyrokinetic codes have been developed to solve the delta-f local gyrokinetic

system of equations, e.g., CGYRO [CBB16], GENE [JDKR00], GKV [WS05], GKW [PCC
+

09], GS2 [KRT] or

GYRO [CW03]. These multiple numerical implementations are essential to check that the equations are solved

correctly and code benchmarks are regularly conducted to that purpose, e.g., [BCBH11, MSB
+

16, HHG
+

21].

Different refinements of the physics description are also explored in parallel and, once validated, implemented

in other codes. One recurrent difficulty encountered when performing benchmarks or exchanging input

files between different gyrokinetic codes is that each code has its own definitions and normalizations of the

physical quantities.

The present work defines a common set of conventions and data normalizations for the inputs and outputs

of delta-f flux-tube simulations. The goal of this common format is to ease the data exchange between groups

using different gyrokinetic codes, facilitate benchmarks and allow for their automation. It is also intended

to serve as the basis for the deployment of databases populated with simulations from multiple gyrokinetic

codes.
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This new standard has been created within the ITER Integrated Modelling and Analysis Suite (IMAS)

[IPL
+

15] which includes a standardized data model used to couple physics components and save data in a

common format.

In the following, we introduce the set of equations solved in delta-f flux-tube gyrokinetic codes in section

2 and then detail the conventions and normalizations adopted in IMAS to describe the simulation results in

section 3. As an illustration, in section 4, a simple benchmark is performed between GENE, GKW and the

gyro-fluid code TGLF [SKW07] using the newly developed standard.

2 The local delta-f gyrokinetic system of equations

2.1 Magnetic equilibrium

The equilibrium magnetic field B is assumed to be axisymmetric and described by:

B = F∇φ− 1

2π
∇φ×∇Ψ (1)

where F = RBt is constant on a flux surface and Ψ is the poloidal magnetic flux. Following the ITER

coordinate convention, which for IMAS Data Dictionary versions 4.0.0 and above corresponds to COCOS=17
in the COordinate COnventionS system [SM13], the cylindrical coordinate system (R,φ,Z) is chosen right

handed, with R the major radius, Z the elevation and φ the toroidal angle (increasing when anticlockwise

from above), see Figure 1. The poloidal flux Ψ is maximum at the magnetic axis for a plasma current flowing in

the direction of ∇φ and minimum at the magnetic axis for a plasma current flowing in the direction opposite

to ∇φ.

 0

(R0, Z0)

max[R 0
]min[R 0

]

min[Z 0
]

max[Z 0
]

R

Z '⨂

✓

2r

Figure 1: Coordinate conventions used in the IMAS gyrokinetics_local Data Dictionary.

2.2 Toroidal field and plasma current direction

The toroidal field and plasma current are counted positive in the direction of ∇φ. Their respective signs, sb
and sj are defined as:

sb = sign[B · ∇φ] (2)

sj = sign[j · ∇φ] (3)
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where j is the plasma current density. With these conventions, a positive plasma current implies a

positive poloidal magnetic field.

2.3 Flux coordinate system (r, θ, φ)

The gyrokinetic system of equations is solved locally, in a flux-tube domain, wrapping around the flux surface

labeled by Ψ0. The poloidal contour of this flux surface is defined by Ψ(R,Z) = Ψ0 and noted {RΨ0 , ZΨ0}.

A radial coordinate r is first introduced:

r =
1

2
[max[RΨ]−min[RΨ]] (4)

It has the dimension of a length and is constant on a flux surface, by definition. The center of each flux

surface is defined as:

Rc =
1

2
[max[RΨ] + min[RΨ]] (5)

Zc =
1

2
[max[ZΨ] + min[ZΨ]] (6)

The minor radius and the center of the flux surface labeled by Ψ0 are noted:

r0 = r(Ψ0) (7)

(R0, Z0) = (Rc(Ψ0), Zc(Ψ0)) (8)

Note that (R0, Z0) is not the position of the magnetic axis, although it can be in some particular cases.

The poloidal angle is defined with respect to the reference point (R0, Z0):

tan θ = −ZΨ0 − Z0

RΨ0 −R0
(9)

This definition is local to the flux surface Ψ = Ψ0 since it depends on the flux surface center (R0, Z0).
The poloidal angle is zero at the low field side midplane, i.e., when Z = Z0 and RΨ0 > R0, and increases

clockwise when the tokamak vertical axis is on the left of the flux surface, see Figure 1.

2.4 Flux-tube coordinates and Fourier representation

We now introduce a flux-tube coordinate system (x, y, θ), where:

• x = r−r0
R0

is the radial coordinate. It is a flux surface label and increases from the magnetic axis to the

plasma edge.

• y is the binormal coordinate. It is left unspecified but assumed to increase in the direction of φ, i.e.,

∇y · ∇φ > 0.

• θ is the parallel coordinate (i.e., the extended ballooning angle), chosen here to be the poloidal angle

defined in equation (9).

By definition, B · ∇x = 0 and B · ∇y = 0 where B is the equilibrium magnetic field. Note that the sign

of ∇y · ∇θ depends on the sign of the poloidal and toroidal magnetic field. For a toroidal field and plasma

current flowing in the same direction, we have ∇y · ∇θ < 0. When they flow in opposite direction, we have
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∇y · ∇θ > 0.

Since for any coordinate system (xi, xj , xk), a vector A can be written as:

A =
1

2
ϵijkA

iJxixjxk∇xj ×∇xk (10)

the magnetic field can be expressed as:

B = BθJxyθ∇x×∇y (11)

where the Jacobian is given by:

Jxyθ =
1

∇x · ∇y ×∇θ
(12)

Since, in the local approximation, the turbulence is homogeneous in the plane perpendicular to the mag-

netic field, the perturbed distribution function and the fields can be expressed as a sum of Fourier modes. For

any function h, we note ĥ its Fourier components:

h(x, y, θ) =
∑
kx,ky

ĥ(kx, ky, θ) exp[ikxx+ ikyy] (13)

Note that for another coordinate system (x1, y1) where the binormal coordinate is of opposite sign, for

instance x1 = x and y1 = −y, then:

ĥ(kx, ky, θ) = ĥ(kx1 ,−ky1 , θ) = ĥ(−kx1 , ky1 , θ)
†

(14)

where † represents the complex conjugate and hermitian symmetry has been used for the last equality.

This, together with the convention ∇y · ∇φ > 0 for the binormal coordinate needs to be kept in mind when

interfacing a gyrokinetic code to IMAS.

The binormal wavevector is related to the toroidal mode number n by:

ky =
2πn

∆y
(15)

where ∆y is the increment in the y coordinate over one toroidal turn. In a flux-tube, the perpendicular

wavevector k⊥ is a function of the parallel coordinate:

k2⊥(θ) = gxx(θ)k2x + 2gxy(θ)kxky + gyy(θ)k2y (16)

where the metric tensors are defined as gxx = ∇x · ∇x, gxy = ∇x · ∇y and gyy = ∇y · ∇y.
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2.5 Chosen form of the gyrokinetic equation

In the literature, the gyrokinetic equation is expressed in various forms, depending, for instance, on the choice

of the velocity space coordinates, of the frame of reference, or whether the equation is solved for the gyro-

center or guiding-center distribution function. Some forms are more suited than others to specific studies

or numerical implementations, but the differences in formulation do not affect the physics. We choose here

to formulate the gyrokinetic system of equations that describes the evolution of the gyrocenter distribution

function in the toroidally rotating frame and use the parallel velocity and magnetic moment as velocity coor-

dinates. The gyrokinetic equation is introduced to help clarifying the IMAS definitions of Section 3 but these

definitions are general and independent of the chosen form of the gyrokinetic equation.

2.5.1 Frame of reference

The frame rotation, Ω, is chosen to be the zeroth-order flow at the flux surface of interest, r = r0, so that the

background E ×B drift cancels in the gyrokinetic equation. The zeroth-order plasma flow is purely toroidal

and species independent [HW85]:

v0 = R2ωΦ∇φ (17)

with the toroidal angular frequency ωΦ proportional to the background radial electric field:

ωΦ = 2π
∂Φ0

∂Ψ
(18)

and the background potential Φ0 constant on a flux surface. The frame toroidal angular frequency is

therefore given by Ω = ωΦ(r0).

2.5.2 Velocity coordinates

The parallel velocity v∥ and the magnetic moment µs =
msv2⊥
2B are used as velocity coordinates in the rotating

frame. Here, ms is the species mass, B the norm of the magnetic field and v⊥ the perpendicular velocity

coordinate.

The volume element for integrals over velocity space is given by:

dv = 2πv⊥dv⊥dv∥ =
2πB

ms
dµsdv∥ (19)

2.5.3 Centrifugal effects

In term of physics, including centrifugal effects induced by the background plasma flow adds several terms to

the gyrokinetic equation. These terms, related to centrifugal drifts and electrostatic trapping have important

implications on stability and transport when the background toroidal rotation is comparable to the thermal

velocity. Centrifugal effects have been introduced into the gyrokinetic code GKW [PSC
+

09, PSC
+

12] based

on a formulation of the equations in the frame moving toroidally with the background flow [Bri95]. They

have also been implemented in the gyrokinetic code CGYRO [BC18] based on a formulation of the equations

in the Laboratory frame [SH98]. Both implementations have been shown to be equivalent [BC18]. All terms

related to centrifugal effects are included in the present description.
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2.5.4 Background distribution function

The background distribution function of gyrocenters FMs is assumed to be a Maxwellian:

FMs =
ns

π3/2v3ths
exp

[
−
msv

2
∥

2Ts
− µsB

Ts

]
(20)

where ns, Ts and vths =
√
2Ts/ms are the species density, temperature and thermal velocity, respec-

tively. In the presence of toroidal flows comparable to the thermal velocity, the plasma density is no longer

constant on a flux surface and is given by:

ns(θ) = ns0 exp

[
−Es(θ)

Ts

]
(21)

where ns0 = ns(θ = 0). The term Es represents the centrifugal energy and the potential energy associ-

ated to the poloidally varying component of the electric potential, see e.g., [PSC
+

09, BC18]. It is quadratic in

the toroidal flow and vanishes at θ = 0 by choice of ns0.

2.6 The gyrokinetic equation

In the toroidally rotating frame with angular frequencyΩ, the temporal evolution of the perturbed distribution

function of gyrocenters, fs, is given by:

∂fs
∂t

= −[v∥b+ vΦ0 + vχ + vD] · ∇fs +
b

ms
· [∇Es − µs∇B]

∂fs
∂v∥

−[vχ + vD] · ∇SFMs −
Zsev∥

Ts

∂Ā∥

∂t
FMs

−[v∥b+ vD + vĀ∥
] · [Zse∇ϕ̄+ µs∇B̄∥]

FMs

Ts

+C(fs) (22)

In this equation, b = B/|B| is the unit vector in the direction of the background magnetic field and

e is the elementary charge. The background electric potential Φ0, the perturbed electric potential ϕ, the

parallel component of the perturbed vector potential A∥ (magnetic flutter) and the parallel component of the

perturbed magnetic field B∥ (magnetic compression) lead to a perpendicular motion given by:

vΦ0 + vχ =
b×∇Φ0

B
+

b×∇χ

B
(23)

where

χ = ϕ̄− v∥Ā∥ +
µs

Zse
B̄∥ (24)

Retaining the radial variation of vΦ0 gives rise to the background E×B shearing term. Zs is the species

charge number and the gyro-averaged fields are given by:
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ϕ̄ =
∑
kx,ky

J0(k⊥ρs)ϕ̂ exp[ikxx+ ikyy] (25)

Ā∥s =
∑
kx,ky

J0(k⊥ρs)Â∥ exp[ikxx+ ikyy] (26)

B̄∥s =
∑
kx,ky

Ĵ1(k⊥ρs)B̂∥ exp[ikxx+ ikyy] (27)

where k⊥ is the perpendicular wavevector defined in equation (16), ρs = msv⊥/(ZseB) the species

Larmor radius and Jn the n-th order Bessel function of the first kind with Ĵ1 defined as:

Ĵ1(k⊥ρs) =
2J1(k⊥ρs)

k⊥ρs
(28)

The component of vχ due to magnetic flutter is noted vĀ∥
.

The curvature drift vcu, the ∇B drift v∇B , the Coriolis drift vco and the centrifugal drift vcf are grouped

into:

vD = vcu + v∇B + vco + vcf (29)

where

vcu =
msv

2
∥

ZseB
b× (b · ∇)b (30)

v∇B =
µs

Zse

b×∇B

B
(31)

vco =
2msv∥

ZseB
Ω⊥ (32)

vcf =
1

ZseB
b×∇Es (33)

with Ω⊥ = Ω− (Ω ·b)b. In most, if not all, gyrokinetic codes, the radial force balance is invoked to split

the curvature drift into a term proportional to b×∇B and another term proportional to the radial pressure

gradient:

vcu =
msv

2
∥

ZseB

[
b×∇B

B
+

µ0

B2

∂p

∂r
b×∇r

]
(34)

where p is the total plasma pressure entering the Grad-Shafranov equation.

The source term due to the radial gradient of the maxwellian background in equation (22) is given by:
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∇SFMs =

[
∇ns0
ns0

+ 1
Ts

∂Es
∂r +

(
msv2∥
2Ts

+ µsB
Ts

+ Es
Ts

− 3
2

)
∇Ts
Ts

+ ms
Ts

(
RBt
B v∥ +Ω(R2 −R2

θ=0)
)
∇ωΦ

]
FMs

Finally, C(fs) is the collision operator.

2.7 The field equations

The Fourier components of the perturbed electromagnetic fields, ϕ̂, Â∥ and B̂∥ entering the gyrokinetic equa-

tion are obtained from the Poisson and Ampère equations expressed in terms of the gyrocenter distribution

function. The gyrokinetic Poisson equation is given by:

[
k2⊥λ

2
D +

∑
s

Z2
s

Te

Ts

ns

ne
[1− Γ0(bs)]

]
eϕ̂

Te
=

∑
s

Zs

ne

∫
J0(k⊥ρs)f̂sdv

+
∑
s

Zs
ns

ne
[Γ0(bs)− Γ1(bs)]

B̂∥

B
(35)

where the species density ns varies poloidally in the presence of centrifugal effects and is given by equa-

tion (21). The Debye length is λD =
√

ϵ0
Te
nee2 with Te and ne the electron temperature and density, respec-

tively. The notation Γn(bs) = In(bs)e
−bs

is used where In is the n-th order modified Bessel function of the

first kind and the parameter bs is defined as:

bs =
1

2
(k⊥ρths)

2
(36)

where ρths = msvths/(ZseB) is the Larmor radius of species s at the thermal velocity.

The parallel component of the gyrokinetic Ampère equation is given by:

k2⊥Â∥ = µ0

∫
Zsev∥J0(k⊥ρs)f̂sdv (37)

Finally, the perpendicular component of the gyrokinetic Ampère equation is given by:

[
1 +

∑
s

2µ0nsTs

B2
[Γ0(bs)− Γ1(bs)]

]
B̂∥ =

−µ0

∑
s

∫
µsĴ1(k⊥ρs)f̂sdv

−
∑
s

2µ0nsTs

B2
[Γ0(bs)− Γ1(bs)]

Zseϕ̂

2Ts
(38)
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2.8 Moments of the particle, guiding-center and gyrocenter distribution functions

Equation (22) evolves the perturbed distribution of gyrocenters, fs, whereas the calculation of the perturbed

electromagnetic fields and that of the turbulent fluxes involve the perturbed distribution of particles, fp
s . The

transformations required to obtain velocity space moments of the particle distribution function from that of

the gyrocenter distribution function are detailed below. Generic velocity moments of the particle distribution

function are first introduced as:

Mp
s(x, αs) =

∫
αs(v∥, v⊥)f

p
s (x, v∥, v⊥, ξ)

dv

2π
dξ (39)

where x is the position vector, αs is an arbitrary function of v∥ and v⊥, and ξ is the gyro-angle. Moments

of the particle distribution function are related to that of the guiding-center distribution function fgc
s by:

Mp
s(x, αs) =

∫
αsf

gc
s (X, v∥, v⊥)δ(X + ρs − x)

dv

2π
dξdX (40)

where ρs is the Larmor radius vector pointing from the guiding-center position to the corresponding

particle position and δ is the Dirac function. The guiding-center distribution function fgc
s is itself related to

the gyrocenter distribution function fs by:

fgc
s (X) = fs(X)− FMs(X)

Ts
Zse[ϕ(X + ρs)− ϕ̄(X)] +

FMs(X)

Ts
µsB̄∥(X) (41)

The terms involving ϕ and B∥ account for the effect of polarisation and magnetisation of the background

plasma, respectively.

Inserting equation (41) into equation (40) and focusing on a single Fourier mode, we get:

M̂p
s(αs) = M̂J0

s (αs)−
Zseϕ̂

Ts
M̂pol

s (αs) +
B̂∥

Ts
M̂mag

s (αs) (42)

On the right hand side, the first term is the contribution from the perturbed distribution function of

gyrocenters, the second stems from polarisation effects and the third from magnetisation effects:

M̂J0
s (αs) =

∫
αsJ0(k⊥ρs)f̂sdv (43)

M̂pol
s (αs) =

∫
αs[1− J2

0 (k⊥ρs)]FMsdv (44)

M̂mag
s (αs) =

∫
αsµsJ0(k⊥ρs)Ĵ1(k⊥ρs)FMsdv (45)

We also introduce the Ĵ1 moments which will be useful to compute the fluxes driven by magnetic com-

pression in the next section:

M̂J1
s (αs) =

∫
αsĴ1(k⊥ρs)f̂sdv (46)
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and the moments of the gyrocenter distribution function which is part of the IMAS data model:

M̂s(αs) =

∫
αsf̂sdv (47)

2.9 Fluxes in the rotating frame

For each species, the flux-surface averaged contravariant radial component of the particle flux, energy flux

and toroidal angular momentum flux are expressed in the rotating frame as a function of moments of the

gyrocenter distribution function. Positive values of the fluxes represent a radially outward transport of a pos-

itive quantity. The definitions given in [BC18, SH98] are used, keeping only the non-vanishing contributions.

The resulting fluxes are listed below and split as a function of the transporting field.

2.9.1 Particle flux

As detailed in Appendix B, the particle flux is given by:

Γr
s =

∑
kx,ky>0

〈
2kyEry

Im

[∫
f̂sχ̂

†
dv

]〉
(48)

where

χ̂ = J0(k⊥ρs)(ϕ̂− v∥Â∥) +
µs

Zse
Ĵ1(k⊥ρs)B̂∥ (49)

is the generalised field potential, ⟨.⟩ is the flux surface average, † denotes the complex conjugate and

Ery =
b×∇y

B
· ∇r (50)

Separating the contributions to the particle flux as a function of the Fourier components and transporting

fields, we get:

Γr
s =

∑
kx,ky>0

Γr
s,ϕ(kx, ky) + Γr

s,A∥
(kx, ky) + Γr

s,B∥
(kx, ky)

where

Γr
s,ϕ =

〈
2kyEry

Im

[
M̂J0

s (1)ϕ̂†
]〉

Γr
s,A∥

= −
〈
2kyEry

Im

[
M̂J0

s (v∥)Â∥
†]〉

Γr
s,B∥

=

〈
2kyEry

Im

[
M̂J1

s (
µs

Zse
)B̂∥

†
]〉
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2.9.2 Energy flux

Similarly, the energy flux is given by:

Qr
s =

∑
kx,ky>0

〈
2kyEry

Im

[∫
ϵf̂sχ̂

†
dv

]〉
(51)

with ϵ = 1
2msv

2 + Es, and its components are:

Qr
s,ϕ =

〈
2kyEry

Im

[
M̂J0

s (ϵ)ϕ̂†
]〉

Qr
s,A∥

= −
〈
2kyEry

Im

[
M̂J0

s (v∥ϵ)Â∥
†]〉

Qr
s,B∥

=
〈
2kyEry

Im

[
M̂J1

s ( µs

Zse
ϵ)B̂∥

†]〉
2.9.3 Momentum flux

For the momentum flux, the transported quantity is the toroidal angular momentum, defined positive for a

flow in the direction of∇φ. The radial flux of toroidal angular momentum is split into two parts: one grouping

the contributions arising from the parallel dynamics Π
∥,r
s and the other one from the perpendicular dynamics

Π⊥,r
s .

For the parallel dynamics, we have:

Π
∥,r
s,ϕ =

〈
2kyErysbmsR

|Bt|
B Im

[
M̂J0

s (v∥)ϕ̂
†
]〉

Π
∥,r
s,A∥

= −
〈
2kyErysbmsR

|Bt|
B Im

[
M̂J0

s (v2∥)Â∥
†

− ns
2 v2ths

[
Zseϕ̂
Ts

Γ0 +
B̂∥
B [Γ0 − Γ1]

]
Â†

∥

]〉
Π

∥,r
s,B∥

=
〈
2kyErysbmsR

|Bt|
B Im

[
M̂J1

s ( µs

Zse
v∥)B̂∥

†]〉
where the arguments of Γ0(bs) and Γ1(bs) have been omitted for brevity. In contrast to the particle and

energy fluxes, polarisation and magnetisation effects contribute to the parallel momentum flux (caused by

magnetic flutter).

The contributions arising from the perpendicular dynamics are given by:
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Π⊥,r
s,ϕ =

〈
2nkr⊥

ms
B

{
Re

[
M̂J1

s ( µs

Zse
)ϕ†

]
+ns

B (Γ0 − Γ1)|ϕ̂|2

+ nsTs
2ZseB2 (Γ0 − Γ1)Re

[
B̂∥ϕ̂

†
]}〉

Π⊥,r
s,A∥

= −
〈
2nkr⊥

ms
B Re

[
M̂J1

s ( µs

Zse
v∥)Â

†
∥

]〉
Π⊥,r

s,B∥
=

〈
2
nkr⊥
k2⊥

{
Re

[(
M̂J1

s (µs)− 2M̂J0
s (µs)

)
B†

∥

]
+nsZse

B [(2bs − 1)Γ0 − 3bsΓ1]Re

[
ϕ̂B̂†

∥

]
+nsTs

B2 |B̂∥|2
[
1
2(Γ0 − Γ1) (52)

−2 [2(1− 4bs)Γ0 + (2bs − 1)Γ1]
]}〉

where n is the toroidal mode number, related to the binormal wavevector by 2πn = ∆yky , and kr⊥ =
k⊥ · ∇r = R0(kxg

xx + kyg
xy).

2.10 Fluxes in the Laboratory frame

In section 2.9, the fluxes were expressed in the frame rotating toroidally as a rigid body with angular frequency

Ω. They are related to the fluxes expressed in the Laboratory frame as follows:

Γr,L
s = Γr

s (53)

Π∥,r,L
s = Π∥,r

s +
∑

kx,ky>0

〈
2kyErymsΩ

[
RBt

B

]2
Im

[∫
f̂sχ̂

†
dv

]〉
(54)

Π⊥,r,L
s = Π⊥,r

s +
∑

kx,ky>0

〈
2kyErymsΩ

[
RBp

B

]2
Im

[∫
f̂sχ̂

†
dv

]〉
(55)

Qr,L
s = Qr

s +Ω
[
Π∥,r

s +Π⊥,r
s

]
+

∑
kx,ky>0

〈
2kyEry 1

2
msR

2Ω2
Im

[∫
f̂sχ̂

†
dv

]〉
(56)

where the L superscript is used to label the Laboratory frame fluxes and Bp is the poloidal magnetic field.

2.11 Transport equations

It is important to realize that the definition of the fluxes is linked to that of the transport equations in which

they enter. The fluxes defined in section 2.10 follow the definitions of ΓA
a ,Π

A
a and QA

a given by equation (53)

in [SH98]. More precisely:
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ΓA
a =

1

2π

∣∣∣∣∂Ψ∂r
∣∣∣∣Γr,L

s (57)

ΠA
a =

1

2π

∣∣∣∣∂Ψ∂r
∣∣∣∣ [Π∥,r,L

s +Π⊥,r,L
s

]
(58)

QA
a =

1

2π

∣∣∣∣∂Ψ∂r
∣∣∣∣Qr,L

s (59)

The corresponding transport equations are equations (55-57) in [SH98], which must be combined with

equations (60-63) of the same paper to reveal ΓA
a ,Π

A
a and QA

a . As an example, the resulting transport equation

for momentum transport, retaining only turbulent contributions and without sources, reads:

∂

∂t

〈∑
s

msnsR
2v0 · ∇φ

〉
+

1

V ′
∂

∂r

[
V ′

∑
s

Π∥,r,L
s +Π⊥,r,L

s

]
+

1

V ′
∂

∂r

[
V ′Πr

M

]
= 0 (60)

where V ′ = ∂V/∂r, with V the volume enclosed by a flux surface, and Πr
M the part of the Maxwell stress

not included in Πr,L
s :

Πr
M =

∑
kx,ky>0

1

µ0

〈
2nkr⊥

[
|Â∥|2 +

1

k2⊥
|B̂∥|2

]〉
(61)

3 The IMAS gyrokinetics_local IDS

The IMAS gyrokinetics_local Interface Data Structure (IDS) has been created specifically to provide a

unified standard for flux-tube gyrokinetic simulations. This IDS is a subset of the IMAS Data Dictionary, which

describes magnetic fusion devices physics and subsystems in a machine generic way. The gyrokinetics_local
IDS (GK IDS) describes the inputs (density, temperature, etc.) and outputs (growth rate, fluxes, etc.) of numer-

ical simulations solving the system of delta-f flux-tube gyrokinetic equations presented in section 2. It also

contains all the metadata required to repeat a simulation. The architecture of the GK IDS, the naming and the

definition of each quantity, including sign conventions and normalizations, are introduced in this section.

3.1 Architecture

An overview of the gyrokinetics_local IDS is given in Table 1. It shows the overall structure, together

with the name, type and dimension of the data. It corresponds to tag 4.2.0 of the open source IMAS Data

Dictionary [IMA]. Some generic elements which are mandatory in any IMAS IDS but not relevant in the

present context are omitted. Their description can be found in the online documentation of the IMAS Data

Dictionary [IMAb]. The content of a few substructures omitted, for brevity, in the overview table is detailed

in Table 2. Based on the data model, an instance of the GK IDS can be generated for various programming

languages and filled with results from gyrokinetic simulations. A single GK IDS instance can be used to store

a set of linear simulations and one non-linear simulation provided they are performed with the same code,

including the same physics and sharing the same physical inputs. Simulations from different codes or with

different inputs are stored in different IDS instances. In an IDS instance, not all the elements of the data model

needs to be filled: when data is unavailable, they are left at their default "empty" value (in case of scalars) or

are not allocated (in case of arrays).
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gyrokinetics_local
ids_properties struct

provider str

creation_date str

provenance struct

comment str

homogeneous_time int

code struct

name str

repository str

commit str

version str

library AoS

normalizing_quantities struct

r flt

b_field_phi flt

n_e flt

t_e flt

model struct

adiabatic_electrons int

include_a_field_parallel int

include_b_field_parallel int

use_mhd_approximation int

include_coriolis_drift int

include_centrifugal_effects int

collisions_pitch_only int

collisions_momentum_conservation int

collisions_energy_conservation int

collisions_finite_larmor_radius int

flux_surface struct

ip_sign flt

b_field_phi_sign flt

r_minor_norm flt

q flt

magnetic_shear_r_minor flt

pressure_gradient_norm flt

dgeometric_axis_r_dr_minor flt

dgeometric_axis_z_dr_minor flt

elongation flt

delongation_dr_minor_norm flt

shape_coefficients_c nsh flt

dc_dr_minor_norm nsh flt

shape_coefficients_s nsh flt

ds_dr_minor_norm nsh flt

species_all struct

velocity_phi_norm flt

shearing_rate_norm flt

beta_reference flt

debye_length_norm flt

angle_pol_equilibrium nE flt

species ns AoS

charge_norm flt

mass_norm flt

density_norm flt

density_log_gradient_norm flt

temperature_norm flt

temperature_log_gradient_norm flt

velocity_phi_gradient_norm flt

potential_energy_norm nE flt

potential_energy_gradient_norm nE flt

collisions struct

collisionality_norm [ns, ns] flt

gyrokinetics_local
linear struct

wavevector nwav AoS

binormal_wavevector_norm flt

radial_wavevector_norm flt

eigenmode neiv AoS

poloidal_turns int

angle_pol nθ flt

time_norm nt flt

initial_value_run int

code struct

parameters str

output_flag int

growth_rate_norm flt

frequency_norm flt

growth_rate_tolerance flt

fields struct

phi_potential_perturbed_norm [nθ, nt] cpx

a_field_parallel_perturbed_norm [nθ, nt] cpx

b_field_parallel_perturbed_norm [nθ, nt] cpx

phi_potential_perturbed_weight nt flt

a_field_parallel_perturbed_weight nt flt

b_field_parallel_perturbed_weight nt flt

phi_potential_perturbed_parity nt flt

a_field_parallel_perturbed_parity nt flt

b_field_parallel_perturbed_parity nt flt

moments_norm_particle [ns, nθ, nt] struct

moments_norm_gyrocenter [ns, nθ, nt] struct

moments_norm_gyrocenter_bessel_0 [ns, nθ, nt] struct

moments_norm_gyrocenter_bessel_1 [ns, nθ, nt] struct

linear_weights ns struct

linear_weights_rotating_frame ns struct

non_linear struct

binormal_wavevector_norm nky flt

radial_wavevector_norm nkx flt

angle_pol nθ flt

time_norm nt flt

time_interval_norm 2 flt

quasi_linear int

code struct

parameters str

output_flag int

fields_4D [nky , nkx , nθ, nt] struct

fields_intensity_3D [nky , nkx , nθ] struct

fields_intensity_2D_surface_average [nky , nkx ] struct

fields_zonal_2D [nkx , nt] struct

fields_intensity_1D nky struct

moments_norm_particle [ns, nky , nkx , nθ, nt] struct

fluxes_5D [ns, nky , nkx , nθ, nt] struct

fluxes_4D [ns, nky , nkx , nθ] struct

fluxes_3D [ns, nky , nkx ] struct

fluxes_3D_k_x_sum [ns, nky , nt] struct

fluxes_2D_k_x_sum [ns, nky ] struct

fluxes_2D_k_x_k_y_sum [ns, nt] struct

fluxes_1D ns struct

fluxes_5D_rotating_frame [ns, nky , nkx , nθ, nt] struct

fluxes_4D_rotating_frame [ns, nky , nkx , nθ, nt] struct

fluxes_3D_rotating_frame [ns, nky , nkx , nθ] struct

fluxes_3D_k_x_sum_rotating_frame [ns, nky , nt] struct

fluxes_2D_k_x_sum_rotating_frame [ns, nky ] struct

fluxes_2D_k_x_k_y_sum_rotating_frame [ns, nt] struct

fluxes_1D_rotating_frame ns struct

Table 1: Overview of the gyrokinetics_local IMAS Interface Data Structure. Indentation is used to indicate nested structures,
with the indented elements belonging to the structure above. The name, dimension (when finite) and type of the data are indicated.
The abbreviations struct, AoS, str, int, flt and cpx are used for structure, array of structure, string, integer, float and complex,
respectively. The content of some structures, e.g., moments_norm_particles is detailed in Table 2. The overview tables indicates
the dimension of the arrays contained in these structures.
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moments_norm_* struct

density cpx

j_parallel cpx

pressure_parallel cpx

pressure_perpendicular cpx

pressure cpx

heat_flux_parallel cpx

v_parallel_energy_perpendicular cpx

v_perpendicular_square_energy cpx

fields_* struct

phi_potential_perturbed_norm flt/cpx

a_field_parallel_perturbed_norm flt/cpx

b_field_parallel_perturbed_norm flt/cpx

linear_weights_* fluxes_* struct

particles_phi_potential flt

particles_a_field_parallel flt

particles_b_field_parallel flt

energy_phi_potential flt

energy_a_field_parallel flt

energy_b_field_parallel flt

momentum_phi_parallel_phi_potential flt

momentum_phi_parallel_a_field_parallel flt

momentum_phi_parallel_b_field_parallel flt

momentum_phi_perpendicular_phi_potential flt

momentum_phi_perpendicular_a_field_parallel flt

momentum_phi_perpendicular_b_field_parallel flt

Table 2: Content of the moment, field and fluxes/linear weights structures. The size of the corresponding arrays is specified in the
overview table.

3.2 Why a data model with normalized quantities?

Most of the IMAS Data Dictionary describes dimensional quantities expressed in SI units. For the

gyrokinetics_local IDS, however, it was chosen to use normalized quantities. This is because the local

version of the gyrokinetic system of equations is based on an expansion in the ratio of the ion Larmor radius

to the plasma size, ρ∗, which is assumed to be small and does not appear anymore in the normalized equations.

The solution is then valid for any value of ρ∗ (provided it is small) and this value only needs to be specified

to convert the solution to physical units. In practice, the normalized version therefore provides the solution

for an infinite number of ρ∗ values. Said differently, there is an infinite set of physical inputs that yield the

same normalized inputs and hence the same normalized solution. This is why it is more efficient to use the

normalized version in the IMAS gyrokinetics_local IDS.

3.3 Normalizations

All quantities in the data model are normalized using six reference quantities. The definition of these six

fundamental reference quantities are:

• qref = e = 1.602176634× 10−19
C, the positive elementary charge;

• mref = mD = 3.3435837724× 10−27
kg, the Deuterium mass;

• Tref = Te(r0, θ = 0) = Te0, the electron temperature at θ = 0 in [eV];

• nref = ne(r0, θ = 0) = ne0, the electron density at θ = 0 in [m
−3

]. When several electron species are

included, e.g., thermal and fast electrons, ne0 is the total electron density.

• Lref = R0, the major radius of the flux surface centre in [m];

• Bref = |Bt(R0)| > 0, the toroidal magnetic field in [T] at R = R0, for the flux surface under consid-

eration.

Following IMAS conventions, the values of the fundamental physical constants are the CODATA rec-

ommended values by the National Institute of Standards and Technology [NIS]. The reference temperature,

density, major radius and magnetic field are local to the flux surface of interest.

For convenience, the following derived reference quantities are also defined:

• vthref =
√

2Tref

mref
, the reference thermal velocity;

• ρref =
mrefvthref
qrefBref

, the reference Larmor radius.
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If needed to convert the inputs of a gyrokinetic code to IMAS, the electron mass is taken to be me =
9.1093837015× 10−31

kg.

3.4 Meta-data

The three structures ids_properties, code and normalizing_quantities give information about the

origin of the data.

3.4.1 IDS properties

In IMAS, each IDS contains a generic ids_properties structure which provides information about how the

instance of the IDS was generated. A complete description of the ids_properties structure can be found

in the IMAS documentation [IMAb]. We only describe here the five elements relevant in the present context:

• provider
Name of the person who has produced the data.

• creation_date
Date and time at which the IDS instance has been produced with format YYYY-MM-DDTHH:MM:SSZ.

Example : 2020-07-24T14:19:00Z

• provenance
This generic IMAS structure can be used to keep track of the original files used to generate this IDS instance,

i.e., the inputs and outputs of a gyrokinetic code, including the date and time at which they were generated.

• comment
Any comment describing the content of this IDS instance.

• homogeneous_time
Set to 2, since the gyrokinetics_local IDS is static (it does not describe the dynamics of a plasma pulse).

3.4.2 Code

A code structure appears in three places: at the root, under the linear structure and under the non_linear
structure. The one located at the root contains information that pertains to the whole GK IDS. It is also

a generic IMAS structure and we document here a few of its elements, see [IMAb] for a comprehensive

description.

• name
Name of the gyrokinetic code used.

• repository
URL of the gyrokinetic code repository.

• commit
Unique commit reference for the source of the gyrokinetic code.

• version
Unique version (tag) of the gyrokinetic code.

• library
List of external libraries used by the gyrokinetic code. If the conversion to IMAS is done in post-processing,

the name, description, repository and commit version of the post-processing scripts can be stored here.
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The two additional code structure are partial code structures. They only contains the input files used

of the simulations (stored in the form of an XML string) and a flag indicating whether the simulation was

successful or not.

• parameters
List of the code inputs in XML format.

• output_flag
Set to 0 if the run was successful. Other values mean some difficulty has been encountered, with the exact

meaning code specific. Negative values mean that the result shall not be used.

There is one partial code structure for each simulation stored in the IDS instance.

3.4.3 Normalizing quantities

In principle, there is no need to store the value of the normalizing temperature, density, magnetic field and

length, only their definition is required. When modelling an experimental case, it can nevertheless be conve-

nient to store the value of the normalizing quantities used to prepare the inputs for the simulations. This can

be done in the normalizing_quantities structure:

• t_e
Normalizing temperature, Te0 in [eV].

• n_e
Normalizing density, ne0 in [m

−3
].

• b_field_phi
Normalizing magnetic field, Bt(R0) in [T].

• r
Normalizing length, R0 in [m].

3.5 Model

The model structure gives an overview of the physical effects included in the simulation. It contains the

following switches:

• adiabatic_electrons
Set to 1 if electrons are assumed to be adiabatic, 0 otherwise.

• include_a_field_parallel
Set to 1 if the fluctuations of the parallel vector potential A∥ are included, 0 otherwise.

• include_b_field_parallel
Set to 1 if the fluctuations of the parallel magnetic field B∥ are included, 0 otherwise.

• use_mhd_rule
Set to 1 if the geometrical dependence of the ∇B drift is approximated to be that of the curvature drift, 0

otherwise.

v∇B =
µs

Zse

b×∇B

B
∼ µs

Zse
b× (b · ∇)b, (62)

Using use_mhd_rule = 1 only makes sense in combination with the neglect of B∥ fluctuations. It can
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be used to approximate the effect of retaining B∥ fluctuations thanks to a cancellation at the MHD level

[WM99].

• include_coriolis_drift
Set to 1 if the Coriolis drift, see equation (32), is included, 0 otherwise.

• include_centrifugal_effects
Set to 1 if centrifugal effects are included, 0 otherwise.

• collisions_pitch_only
Set to 1 if pitch-angle scattering only is retained in the collisions, 0 otherwise.

• collisions_momentum_conservation
Set to 1 if momentum conservation is enforced in the collision operator, 0 otherwise.

• collisions_energy_conservation
Set to 1 if energy conservation is enforced in the collision operator, 0 otherwise.

• collisions_finite_larmor_radius
Set to 1 if finite Larmor radius effects are retained in the collision operator, 0 otherwise.

3.6 Species parameters

The parameters relative to the plasma species are grouped into three structures: species_all, species
and collisions. The content of these structures is detailed below.

3.6.1 Species all

All species are assumed to have a purely toroidal flow with a common toroidal angular frequency given by

equation (18). This species independent toroidal flow and the associated E × B shearing rate are specified

in the species_all structure, together with the plasma beta (ratio of plasma pressure to magnetic energy)

and the Debye length.

• velocity_phi_norm

uN =
R0

vthref
ωΦ

Positive for a flow in the direction of ∇φ.

• shearing_rate_norm

γEN
= − R0

vthref

1

Bref

(
∂Ψ

∂r

)2 ∂2Φ0

∂Ψ2

• beta_reference

βeN = 2µ0
nrefTref

B2
ref

The plasma beta entering the Ampère’s equations (37) and (38) is obtained from the reference value above

combined with the species parameters (normalized density and temperature). When βeN = 0, the run is

electrostatic.

• debye_length_norm

λDN =
λD

ρref
=

1

ρref

√
ϵ0Tref

nrefq
2
ref
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The Debye length enters the gyrokinetic Poisson equation (35). When neglected, this term is set to zero. In

practice, it only matters for small scale ETG modes.

• angle_pol_equilibrium
This is a poloidal angle grid, θcf from −π to π, common to all species. It is used to specify the poloidal

variation of the species effective potential energy and of its gradient in the presence of centrifugal effects.

3.6.2 Species

For each species s, the background distribution function is assumed to be a local Maxwellian, see equation (20).

Poloidal asymmetry in the background density induced by centrifugal effects is allowed following equation

(21). Poloidally asymmetric quantities are given in input at θ = 0. An arbitrary number of kinetic species is

allowed, including several instances of the same species.

The species parameters are stored under species which is an array of ns structures where ns is the

number of species.

• charge_norm

Zs =
Zse

qref

• mass_norm
msN =

ms

mref

• density_norm

nsN =
ns0

nref

with ns0 = ns(θ = 0).

• density_log_gradient_norm

R/Lns0 = −R0

ns0

∂ns0

∂r

Positive for peaked profiles.

• temperature_norm

TsN =
Ts

Tref

• temperature_log_gradient_norm

R/LTs = −R0

Ts

∂Ts

∂r

Positive for peaked profiles.

• potential_energy_norm

EsN (θcf ) =
Es(θcf )
Tref

The effective potential energy responsible for the poloidal density asymmetry in equation (21), with Es(θcf =
0) = 0 by definition.
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• potential_energy_gradient_norm

E ′
sN (θcf ) =

R0

Tref

∂Es
∂r

(θcf )

• velocity_phi_gradient_norm

u′sN = − R2
0

vthref

∂ωφ,s

∂r

Positive for peaked profiles of a flow in the direction of ∇φ. This input is used to specify the parallel flow

shear entering the radial gradient of the background Maxwellian distribution function, equation (35). It is

assumed to arise entirely from the radial shear in a toroidal flow of constant angular frequency on a flux

surface. The possibility to have a species dependent toroidal velocity gradient with ωφ,s ̸= ωΦ is retained.

Strictly speaking, this is inconsistent with the local limit assumption ρ∗ → 0 but can be interesting for

the interpretation of tokamak experiments. Note that in the strict application of the local limit, i.e., for

ωφ,s(r) = ωΦ(r), one has:

γEN
=

1

2πR0Bref

∂Ψ

∂r
u′sN = − RBp

R0Bref
u′sN

3.6.3 Collisions

To help capturing the variety of collisions implementation in gyrokinetic codes, the normalized collisionality

is given for each species couple a/b in an array of size ns × ns (lines for species a, columns for species b):

• collisionality_norm

ν
a/b
N =

R0

vthref
νa/b

where νa/b is the collisionality frequency of species a against species b. For collision frequencies consistent

with the species temperature and density, we have:

ν
a/b
N =

R0

vthref

nb0Z
2
aZ

2
b e

4 ln Λa/b

4πϵ20m
2
av

3
tha

where nb0 is the density of species b at θ = 0 and ln Λa/b
the Coulomb logarithm. For electron-ion collisions,

an extra Z
eff

factor can be added to the formula above to mimic the impact of heavier impurities, as is

frequently done in gyrokinetics codes.

In addition, specific collisionality switches are described in the model structure, see section 3.5.

3.7 Magnetic equilibrium

The magnetic equilibrium in the vicinity of the flux surface of interest is specified by the parameters stored

in the flux_surface structure, given at r = r0.

• r_minor_norm
rN =

r0
R0

• b_field_phi_sign
sb = sign[B · ∇φ]
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• ip_sign
sj = sign[j · ∇φ]

with j the plasma current density.

• q

q =
1

2π

∫ 2π

0

B · ∇φ

B · ∇θ
dθ

The safety factor q can be positive or negative, its sign depends on the sign of the toroidal plasma current

and magnetic field:

q = sbsj |q|

• magnetic_shear_r_minor

ŝ =
r

q

∂q

∂r

• pressure_gradient_norm

p′N = −2µ0R0

B2
ref

∂p

∂r

with p the total plasma pressure (i.e., the pressure term entering the Grad-Shafranov equation). p′N (often

called β′
) is a quantity related to the magnetic equilibrium, which for instance affects the curvature drift,

see equation (34). It does not need to be consistent with the gradients (R/Lns , R/LTs ) specified for the

kinetic species.

In addition to the parameters above, the shape of the flux surface is specified using an extension of the

Miller parametrisation of local magnetic equilibria proposed in [ACB21] and particularly convenient for local

gyrokinetic codes. The plasma shape is described by a parametrisation of the constant poloidal flux contours:

RΨ(r, θ) = Rc(r) + r cos θR (63)

ZΨ(r, θ) = Zc(r)− rκ(r) sin θ (64)

with the angle θR defined as:

θR(r, θ) = θ +

nsh−1∑
n=0

cn(r) cosnθ + sn(r) sinnθ (65)

The flux surface center (Rc, Zc) and radial coordinate r are defined in section 2.3. Note that the flux

surface center (Rc, Zc) is defined here for each flux surface and therefore depends on the radial coordinate

r. Since Z0 = Zc(r0) does not enter the gyrokinetic equations, it is assumed to be zero. The elongation κ is

defined as:

κ(r) =
max[ZΨ]−min[ZΨ]

max[RΨ]−min[RΨ]
(66)

The specification of the local magnetic equilibrium then requires 4nsh + 3 terms (s0 and its derivative

are never needed), given at r = r0, where nsh is the degree of the expansion:
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• dgeometric_axis_r_dr_minor
∂Rc

∂r
(r0)

• dgeometric_axis_z_dr_minor
∂Zc

∂r
(r0)

• elongation
κ(r0)

• delongation_dr_minor_norm

R0
∂κ

∂r
(r0)

• shape_coefficients_c
cn(r0)

• shape_coefficients_s
sn(r0)

• dc_dr_minor_norm

R0
∂cn
∂r

(r0)

• ds_dr_minor_norm

R0
∂sn
∂r

(r0)

Typically nsh ≤ 4 is sufficient to capture most of the plasma shapes but higher values can be used when

needed (for instance close to the edge).

3.8 Linear runs

The outputs of linear simulations are stored in the linear structure, together with a few specific inputs.

The array of structures wavevector is placed at the root. It contains the radial and poloidal wavevectors of

the considered Fourier component, see equation (13), normalized and expressed in a coordinate independent

form:

• radial_wavevector_norm
krρref = kx

√
gxx(θ = 0)ρref (67)

• binormal_wavevector_norm
kθρref = ky

√
gyy(θ = 0)ρref (68)

Remembering equation (16), kr is the dimensional perpendicular wave vector at θ = 0 obtained when

ky = 0 and similarly, kθ is the dimensional perpendicular wave vector at θ = 0 obtained when kx = 0.

By convention, only positive binormal wavevector are stored in the GK IDS since this is sufficient to

describe any real field owing to hermitian symmetry. The (krρref , kθρref ) pairs stored in the wavevector
array of structure are expected to be unique: no duplicated wavevectors are allowed.
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For each wavevector, multiple eigenmodes are solution of the linear problem. These eigenmodes are

stored under the eigenmode array of structures. To capture the case where each eigenmode is the result

of a dedicated simulation, the corresponding code specific inputs are stored in the code structure under

eigenmode, (see section 3.4.2), together with the following quantities:

• angle_pol
This is the extended ballooning angle, θ, used as the parallel coordinate in the flux-tube coordinate system

(x, y, θ) introduced in section 2.4.

• poloidal_turns
The number Np of poloidal turns (or coupled radial modes). In the spectral representation of a flux-tube

domain, the periodicity of the torus in the poloidal direction leads to the coupling of radial modes in the

parallel direction:

f̂s(kx, ky, θ − π) = f̂s(kx +∆kx, ky, θ + π)

with ∆kx depending on the magnetic shear. A flux-tube extending over an odd number Np of poloidal

turns with 1 radial mode kx is therefore equivalent to a flux-tube extending over 1 poloidal turn with Np

coupled radial modes kx + p∆kx with p an integer varying from −(Np − 1)/2 to (Np + 1)/2. In practice,

running with a sufficiently high number of poloidal turns (or coupled radial modes) is necessary to get a

result independent of the boundary condition imposed at the end of the field line (when the number of

poloidal turns increases, k⊥ at the end of the field line increases and the perturbations are damped by finite

Larmor radius effects).

• time_norm

tN = t
vthref
R0

This is the normalized time at which the outputs are given. It can contain a single value when the outputs

are given at the end of the linear simulation or an array of values in case the temporal evolution is stored.

The second option can be useful to store the results of linear zonal-flow damping simulations (Rosenbluth-

Hinton test).

• initial_value_run
Set to 1 for an initial value run and to 0 for an eigenvalue run.

3.8.1 Mode amplitude

In linear runs, unstable modes are exponentially growing in time and so are the associated fluxes. The expo-

nentially growing outputs are therefore normalized to a dimensionless mode amplitude defined as:

Âf =

√∫ [
|ϕ̂N (θ)|2 + |Â∥N (θ)|2 + |B̂∥N (θ)|2

]
dθ

2π
(69)

where the Fourier components of the electrostatic potential and vector potential are normalized as fol-

lows:

ϕ̂N = 1
ρ∗

e
Te0

ϕ̂ (70)

Â∥N = 1
ρ2∗

1
R0Bref

Â∥ (71)

B̂∥N = 1
ρ∗

1
Bref

B̂∥ (72)
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The integral over θ is performed over the full length of the flux-tube (it is equivalent to an integral over

one poloidal turn of the sum of all connected kx modes).

3.8.2 Eigenvalues

The normalized mode growth rate γ and frequency ωr are defined as:

• growth_rate_norm

γN (kx, ky) = γ(kx, ky)
R0

vthref

Positive for unstable modes.

• frequency_norm

ωrN (kx, ky) = ωr(kx, ky)
R0

vthref

Positive for modes propagating in the ion diamagnetic drift direction (and therefore negative for modes

propagating in the electron diamagnetic drift direction).

For initial value runs, a tolerance on the run convergence, calculable in post-processing, is defined as:

• growth_rate_tolerance

γtol =
1

|γf |

√
1

∆t

∫ tf

tf−∆t
[γ(t)− γf ]

2
dt

where tf and γf are the time and growth rate at the end of the simulation, respectively. The time depen-

dent growth rate is given by:

γ(t) =
1

δt
[ln Âf (t)− ln Âf (t− δt)]

with δt depending on the code setup but in any case several times smaller than the interval ∆t over which

the standard deviation is computed. This time interval is taken to be:

∆t =
1

2
max(τ∥s, τ⊥s)

where τ∥s is the time for a thermal particle of species s to stream along the field line over one poloidal turn

and τ⊥s is the time for a thermal particle of species s to drift over one fluctuation wavelength:

τ∥s = 2πq
√

msN
TsN

R0
vthref

(73)

τ⊥s = 2π
kθ∗ρref

|ZsN |
TsN

R0
vthref

(74)

Only non-trace species, with nsN > 0, are retained for the computation of the time interval.

3.8.3 Eigenfunctions

To facilitate the comparison of the mode structure between different runs, the eigenfunctions are rotated

in the complex plane by an arbitrary phase factor α chosen so that the real part of the normalized electric

potential is positive and its imaginary part is zero at θ = θ∗, where θ∗ is the θ value at which |ϕ̂N | is maximum.

When there are several maxima, the lowest θ∗ value is chosen. For a given eigenmode, all the parallel outputs
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(eigenfunctions and moments) are rotated in the complex plane using the same value of α computed at the

last time slice of time_norm and defined as:

e
iα =

|ϕ̂N (kx, ky, θ
∗)|

ϕ̂N (kx, ky, θ∗)

The normalized eigenfunctions and associated derived quantities are defined as:

• phi_potential_perturbed_norm

ϕ̂Nf (θ) =
ϕ̂N (kx, ky, θ)

Âf (kx, ky)
e
iα

• a_field_parallel_perturbed_norm

Â∥Nf (θ) =
Â∥N (kx, ky, θ)

Âf (kx, ky)
e
iα

• b_field_parallel_perturbed_norm

B̂∥Nf (θ) =
B̂∥N (kx, ky, θ)

Âf (kx, ky)
e
iα

• phi_potential_perturbed_weight

Âϕ =

√∫
|ϕ̂Nf (θ)|2

dθ

2π

• a_field_parallel_perturbed_weight

ÂA∥ =

√∫
|Â∥Nf (θ)|2

dθ

2π

• b_field_parallel_perturbed_weight

ÂB∥ =

√∫
|B̂∥Nf (θ)|2

dθ

2π

• phi_potential_perturbed_parity

πϕ =

∣∣∫ ϕNf (θ) dθ
∣∣∫

|ϕNf (θ)| dθ

• a_field_parallel_perturbed_parity

πA∥ =

∣∣∫ A∥Nf (θ) dθ
∣∣∫

|A∥Nf (θ)| dθ

• b_field_parallel_perturbed_parity

πB∥ =

∣∣∫ B∥Nf (θ) dθ
∣∣∫

|B∥Nf (θ)| dθ
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3.8.4 Moments

Moments of the particle and gyrocenter distribution functions expressed in the rotating frame are given as a

function of the poloidal angle θ and time tN grids for each species and each eigenmode. Four structures are

defined:

∗ moments_norm_particle

∗ moments_norm_gyrocenter

∗ moments_norm_gyrocenter_bessel_0

∗ moments_norm_gyrocenter_bessel_1

which contains, respectively, the M̂p
s(αs), M̂s(αs), M̂J0

s (αs) and M̂J1
s (αs) moments introduced in

section 2.8. For each of the four structures, the normalized moments are computed using the values of αs

listed below:

• density

αs =
1

ns0ρ∗

e
iα

Âf

• j_parallel

αs = Zsv∥
1

ns0vthrefρ∗

e
iα

Âf

• pressure_parallel

αs =
1

3
msv

2
∥

1

ns0Te0ρ∗

e
iα

Âf

• pressure_perpendicular

αs =
1

3
msv

2
⊥

1

ns0Te0ρ∗

e
iα

Âf

• pressure

αs =
1

3
ms(v

2
∥ + v2⊥)

1

ns0Te0ρ∗

e
iα

Âf

• heat_flux_parallel

αs =
1

2
msv∥v

2 1

ns0vthrefTe0ρ∗

e
iα

Âf

• v_parallel_energy_perpendicular

αs =
1

2
msv∥v

2
⊥

1

ns0vthrefTe0ρ∗

e
iα

Âf

• v_perpendicular_square_energy

αs =
1

2
msv

2
⊥v

2 1

ns0v2threfTe0ρ∗

e
iα

Âf

With these definitions, the perturbed pressure is simply the sum of the perturbed parallel and perpendic-

ular pressures. The species density ns0 = ns(θ = 0) rather than nref is used for the normalization to allow

for trace species with zero density.
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3.8.5 Linear weights

For linear runs, the fluxes defined in section 2.9 and 2.10 for each wavevector, species and transporting field,

are normalized to the mode amplitude Âf (kx, ky) to yield the so-called weights used in quasi-linear transport

models. The structure linear_weights_rotating_frame contains the linear weights expressed in the

rotating frame using the definitions of section 2.9 and made dimensionless as follows:

• particles_phi_potential

ΓsN,ϕ =
Γr
s,ϕ

ns0vthrefρ2∗

1

Â2
f

• particles_a_field_parallel

ΓsN,A∥ =
Γr
s,A∥

ns0vthrefρ2∗

1

Â2
f

• particles_b_field_parallel

ΓsN,B∥ =
Γr
s,B∥

ns0vthrefρ2∗

1

Â2
f

• energy_phi_potential

QsN,ϕ =
Qr

s,ϕ

ns0Te0vthrefρ2∗

1

Â2
f

• energy_a_field_parallel

QsN,A∥ =
Qr

s,A∥

ns0Te0vthrefρ2∗

1

Â2
f

• energy_b_field_parallel

QsN,B∥ =
Qr

s,B∥

ns0Te0vthrefρ2∗

1

Â2
f

• momentum_phi_parallel_phi_potential

Π
∥
sN,ϕ =

Π
∥,r
s,ϕ

ns0mrefR0v2threfρ
2
∗

1

Â2
f

• momentum_phi_parallel_a_field_parallel

Π
∥
sN,A∥

=
Π

∥,r
s,A∥

ns0mrefR0v2threfρ
2
∗

1

Â2
f

• momentum_phi_parallel_b_field_parallel

Π
∥
sN,B∥

=
Π

∥,r
s,B∥

ns0mrefR0v2threfρ
2
∗

1

Â2
f
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• momentum_phi_perpendicular_phi_potential

Π⊥
sN,ϕ =

Π⊥,r
s,ϕ

ns0mrefR0v2threfρ
2
∗

1

Â2
f

• momentum_phi_perpendicular_a_field_parallel

Π⊥
sN,A∥

=
Π⊥,r

s,A∥

ns0mrefR0v2threfρ
2
∗

1

Â2
f

• momentum_phi_perpendicular_b_field_parallel

Π⊥
sN,B∥

=
Π⊥,r

s,B∥

ns0mrefR0v2threfρ
2
∗

1

Â2
f

The structure linear_weights contains the linear weights expressed in the Laboratory frame made

dimensionless in the same way as above but using the unnormalized fluxes of section 2.10. All linear weights

are given at the last time step of time_norm.

3.9 Non-linear runs

The outputs of non-linear runs, together with a few specific inputs, are stored in the non_linear structure.

Unlike the linear structure, where the wavevectors are stored in an array of structures, a wavevector grid

is used in the non_linear structure. Storing each wavevector separately is indeed desirable for linear simu-

lations where all wavevectors are uncoupled but makes less sense and proves impractical for non-linear runs

based on a grid with a large number of coupled wavevectors. The radial and binormal components of the

wavevectors are therefore defined as 1D arrays given at θ = 0 with the same definition as for linear runs, see

equations (67) and (68) in section 3.8, and stored in:

• radial_wavevector_norm

• binormal_wavevector_norm

The combination of the 1D radial and binormal wavevector grids forms the 2D rectangular grid used in

the non-linear simulations. The poloidal angle (parallel coordinate) and time grids

• angle_pol

• time_norm

have the same definition as for linear runs. Some of the outputs stored in the non_linear structure are

time averaged. The time interval used for the average is given by:

• time_interval_norm
[tstartN , tstopN ]

Time averages are computed on the interval starting at tstartN and ending at tstopN , with tN the normalized

time.

Finally, a switch allowing to store the results of quasi-linear calculations is added for versatility:

• quasi_linear
Set to 1 if the fluxes and fields spectra are computed from a quasi-linear model. 0 if non-linear.
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3.9.1 Fields

The fluctuating fields ϕ, A∥ and B∥ depend on the binormal wavevector ky , the radial wavevector kx, the

poloidal angle θ and time tN . The 4D fields arrays (complex values) contain maximal information but can

represent a very large amount of data. For flexibility, the IMAS gyrokinetics data model defines a hierarchy

of structures to store the fluctuating fields (or their intensity) in arrays of reduced dimensionality. These

structures are listed below with ζ̂ used as a generic field used to explicit their content:

∗ fields_4D
ζ̂(ky, kx, θ, tN )

The fields themselves (complex values). Function of ky, kx, θ, tN .

∗ fields_intensity_3D ∫ tstopN

tstartN

|ζ̂(ky, kx, θ, tN )|2 dtN
∆tav

The time averaged fields intensity, with ∆tav = tstopN − tstartN . Function of ky, kx, θ.

∗ fields_intensity_2D_surface_average〈∫ tstopN

tstartN

|ζ̂(ky, kx, θ, tN )|2 dtN
∆tav

〉

The time averaged and flux surface averaged fields intensity. Function of ky, kx.

∗ fields_zonal_2D 〈
ζ̂(ky = 0, kx, θ, tN )

〉
The flux surface averaged zonal fields. Function of kx, tN .

∗ fields_intensity_1D 〈∑
kx

∫ tstopN

tstartN

|ζ̂(ky, kx, θ, tN )|2 dtN
∆tav

〉
The time averaged and flux surface averaged fields intensity, summed over kx. Function of ky .

In all these structures, the field represented by ζ̂ is specified as follows:

• phi_potential_perturbed_norm: ζ̂ = ϕ̂N

• a_field_parallel_perturbed_norm: ζ̂ = Â∥N

• b_field_parallel_perturbed_norm: ζ̂ = B̂∥N

Note that for non-linear runs, the fields are not rotated in the complex plane and not normalized to the

mode amplitude.

3.9.2 Moments

With validation against the experiments in mind, moments of the particle distribution functions are stored

in the moments_norm_particle structure. These moments are listed in Table 2 and follow the definitions

given in section 2.8, except that they are not normalized to the mode amplitude, nor rotated in the complex

plane. They are stored in a 5 dimensional array with coordinates s, ky, kx, θ, tN , with s the species label. For

now, moments of the gyrocenter distribution function are not included in the GK IDS for non-linear runs.
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3.9.3 Fluxes

The fluxes are stored in arrays of various dimensionality grouped in a hierarchy of structures. A generic flux

F and its primitive Fθ , with F =< Fθ >, are introduced to describe the content of the flux structures:

∗ fluxes_5D
Fθ(s, ky, kx, θ, tN )

The fluxes primitives (non flux-surface averaged). Function of s, ky, kx, θ, tN , with s the species label.

∗ fluxes_4D ∫ tstopN

tstartN

Fθ(s, ky, kx, θ, tN )
dtN
∆tav

The time averaged fluxes primitives. Function of s, ky, kx, θ.

∗ fluxes_3D ∫ tstopN

tstartN

F(s, ky, kx, tN )
dtN
∆tav

The time averaged fluxes. Function of s, ky, kx.

∗ fluxes_3D_k_x_sum ∑
kx

F(s, ky, kx, tN )

The time dependent fluxes summed over kx. Function of s, ky, tN .

∗ fluxes_2D_k_x_sum ∑
kx

∫ tstopN

tstartN

F(s, ky, kx, tN )
dtN
∆tav

The time averaged fluxes, summed over kx. Function of s, ky .

∗ fluxes_2D_k_x_k_y_sum ∑
kx,ky>0

F(s, ky, kx, tN )

The time dependent fluxes, summed over kx and ky . Function of s, tN .

∗ fluxes_1D ∑
kx,ky>0

∫ tstopN

tstartN

F(s, ky, kx, θ, tN )
dtN
∆tav

The time averaged fluxes, summed over kx and ky . Function of s only.

These seven structures are used to store the fluxes expressed in the Laboratory frame. An additional set

of similar structures with the suffix _rotating_frame are used to store the corresponding fluxes expressed

in the rotating frame.

In all these structures, the fluxes represented byF are the ones listed in section 3.8.5 with the same naming

and normalizing conventions, excepted the absence of normalization with the mode amplitude (Af = 1).
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4 Application examples

The gyrofluid code TGLF and the gyrokinetic codes GENE and GKW have been interfaced with IMAS to read

and write gyrokinetics_local IDSs. This is done in pre- and post-processing using Python scripts avail-

able in the following git repository [IMAa]. Recently, the IMAS interface has been exploited to benchmark

TGLF against GKW in high beta regimes prone to KBM turbulence [NCBL25]. As an additional illustration,

we use the IMAS standard to compare the linear response of GENE, GKW and TGLF for a simple reference

case defined in Table 3. Electric potential and perpendicular magnetic field fluctuations are included and

magnetic field compression is neglected. The flux surfaces have a circular cross-section. Two kinetic species

are included, electrons and deuterium ions, with a zero electron temperature gradient, no collisions and no

rotation. For all simulations, the radial wavevector is set to zero. Grid convergence studies show that rather

high resolution is required in GENE and GKW to obtain values of the mode growth rate converged within

less than 1%. In velocity space, based on the convergence study, 24 points were chosen for the µ grid and 160

points for the v∥ grid. The maximum velocity was set to 3 times the thermal species velocity for each species.

The dynamics along the magnetic field line was discretised with 64 points per poloidal turns and a total of 31

poloidal turns. In GENE and GKW, numerical dissipation is applied in the v∥ and θ directions, as is customary

in finite-difference codes to prevent numerical instabilities. Default settings were used for TGLF.

model

adiabatic_electrons 0

include_a_field_parallel 1

include_b_field_parallel 0

use_mhd_approximation 0

include_coriolis_drift 0

include_centrifugal_effects 0

collisions_pitch_only 0

collisions_momentum_conservation 0

collisions_energy_conservation 0

collisions_finite_larmor_radius 0

flux_surface

ip_sign -1.0

b_field_phi_sign -1.0

r_minor_norm 1/6

q 2.0

magnetic_shear_r_minor 1.0

pressure_gradient_norm 0.0

dgeometric_axis_r_dr_minor 0.0

dgeometric_axis_z_dr_minor 0.0

elongation 1.0

delongation_dr_minor_norm 0.0

shape_coefficients_c [0.0,0.0]

dc_dr_minor_norm [0.0,0.0]

shape_coefficients_s [0.0,0.0]

ds_dr_minor_norm [0.0,0.0]

species_all

velocity_phi_norm 0.0

shearing_rate_norm 0.0

beta_reference 5e-4

debye_length_norm 0.0

species D
charge_norm 1.0

mass_norm 1.0

density_norm 1.0

density_log_gradient_norm 3.0

temperature_norm 1.0

temperature_log_gradient_norm 6.0

velocity_phi_gradient_norm 0.0

species e−

charge_norm -1.0

mass_norm 2.724437e-4

density_norm 1.0

density_log_gradient_norm 3.0

temperature_norm 1.0

temperature_log_gradient_norm 0.0

velocity_phi_gradient_norm 0.0

collisions

collisionality_norm [[0.0,0.0],[0.0,0.0]]

Table 3: Inputs of the reference case used to compare GENE, GKW and TGLF using the IMAS standard.

The linear growth rate and the mode frequency are shown as a function of the binormal wavevector

in Figure 2. The values obtained for GENE and GKW are nearly identical at all wavevectors for this Ion

Temperature Gradient mode. The predictions of TGLF are within 10 to 20% from the gyrokinetic predictions,

except at the highest wavevector where the real frequency computed by TGLF is significantly lower. In the

left plot of Figure 3, the real and imaginary part of the normalized electric potential fluctuations, ϕ̂Nf , are

shown as a function of the parallel coordinate θ. Here as well, a perfect match is obtained between GENE and

GKW. TGLF eigenfunction is very close to the gyrokinetic result.
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Figure 2: Linear growth rate (left) and mode frequency (right) as a function of the binormal wave vector kθρref for GKW (blue
crosses), GENE (orange circles) and TGLF (green stars).
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Figure 3: Left: parallel structure of the real (full line) and imaginary (dashed line) part of the normalized electric potential ϕ̂Nf at
kθρref = 0.2 for GKW (blue), GENE (orange) and TGLF (green). Right: parallel structure of the particle current density moment for
the electron species, |M̂p

eN (−ev∥)| at kθρref = 0.7 for GKW (blue) and GENE (orange).

In the right plot of Figure 3, the absolute value of the perturbed parallel current density carried by the

electrons is shown as a function of the parallel coordinate. It reveals a very extended structure, with values

still higher than 10% of the maximum after 30 poloidal turns. The overall agreement between GENE and

GKW for the electron current density is excellent, with slight differences appearing close to the boundary

of the flux tube, presumably due to a different numerical dissipation in the parallel direction. The parallel

current density is not shown for TGLF since it is not a standard output for this code.

5 Summary and perspectives

A new Interface Data Structure, the gyrokinetics_local IDS, has been introduced in the IMAS Data

Dictionary [IMA] to store inputs and outputs of local delta-f gyrokinetic simulations. This new standard

has been documented in details, including all sign conventions, definitions and normalizations. The present
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version of the GK IDS, which corresponds to tag 4.2.0 of the IMAS Data Dictionary, is meant to cover basic

needs and ensure reproducibility of the simulations.

Many more fields could be added. For instance, one may wish to cover non-Maxwellian background

distribution functions, poloidal asymmetries due to temperature anisotropy, some finite ρ∗ effects (e.g., profile

shearing, parallel derivatives), storage of the perturbed distribution function or of additional moments, sonic

flow modification of the magnetic equilibrium, specifics of the E ×B shearing implementation, etc.

However, trying to be exhaustive brings the risk of slowing down the deployment process and making

the GK IDS heavier without any need. The choice has therefore been made to first deliver basic functionalities

and keep additional development for future revisions. Importantly, the Data Dictionary is not meant to be

frozen and extensions can be triggered by users to cover new needs.

As a first application, a public database of simulations relying on the gyrokinetics_local standard is

presently being deployed [GKD]. It provides a practical tool to store and share gyrokinetic simulations, to

perform gyrokinetic code benchmarks and to develop turbulent transport models based on the training of ma-

chine learning surrogates. Another possible application is the development of packages exploiting the stan-

dardised outputs of the gyrokinetics_local IDS to build 3D fluctuations map for synthetic diagnostics,

the resulting signal being stored in the corresponding diagnostic IDS, e.g., reflectometer_fluctuation
for the synthetic signals seen by a reflectometer observing the simulated fluctuations. A natural extension of

the gyrokinetics_local IDS would be the development of an IDS to store global gyrokinetic simulations.

Preliminary work in this direction has started.
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A Catalog of Bessel function integrals

The integrals of Bessel functions over velocity space used to compute fluxes and moments are listed in this

section. We note Jn the n-th order Bessel function of the first kind, In the n-th order modified Bessel func-

tion of the first kind and Γn(bs) = In(bs)e
−bs

with bs = 1
2(k⊥ρths)

2
. We also introduce Ĵ1(k⊥ρs) =

2J1(k⊥ρs)/(k⊥ρs). In the following, the argument of the Bessel functions is omitted for brevity, i.e., Jn
is used for Jn(k⊥ρs) and Γn for Γn(bs).
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∫
v2∥J

2
0FMsdv = nsv

2
ths

1

2
Γ0∫

µsJ
2
0FMsdv = ns

Ts

B
[(1− bs)Γ0 + bsΓ1]∫

µsJ0Ĵ1FMsdv = ns
Ts

B
(Γ0 − Γ1)∫

µ2
sJ0Ĵ1FMsdv = ns

T 2
s

B2
[2(1− bs)Γ0 + (2bs − 1)Γ1]∫

v2∥µsJ0Ĵ1FMsdv = nsv
2
ths

Ts

B

1

2
(Γ0 − Γ1)∫

µ2
sĴ

2
1FMsdv = ns

T 2
s

B2

1

2
(Γ0 − Γ1)

B Fluxes calculation

Following [BC18, SH98], we first introduce the non-adiabatic distribution function of gyrocenters,

ĥs = f̂s +
Zse

Ts
FMsJ0(k⊥ρs)ϕ̂+

µs

Ts
FMsĴ1(k⊥ρs)B̂∥ (75)

and the generalised field potential,

χ̂ = J0(k⊥ρs)(ϕ̂− v∥Â∥) +
µs

Zse
Ĵ1(k⊥ρs)B̂∥ (76)

The contravariant radial component of the flux surface averaged particle flux is given by [BC18]:

Γr
s =

∑
kx,ky

〈
ikyEry

∫
ĥ†sχ̂dv

〉
(77)

where ⟨.⟩ is the flux surface average and the factor

Ery =
b×∇y

B
· ∇r (78)

arises from

vχ · ∇r =
b×∇χ

B
· ∇r =

∑
kx,ky

ikyEryχ̂(kx, ky, θ) (79)

The Fourier components of any real field, for instance ϕ, verify ϕ̂†
kx,−ky

ϕ̂kx,−ky = ϕ̂−kx,ky ϕ̂
†
−kx,ky

. In addition,

k⊥(kx,−ky) = k⊥(−kx, ky), leading to:∑
kx,ky

kyJ0(k⊥ρs)ϕ̂
†
kx,ky

ϕ̂kx,ky =
∑

kx,ky>0

kyJ0(k⊥ρs)ϕ̂
†
kx,ky

ϕ̂kx,ky

−
∑

kx,ky>0

kyJ0(k⊥ρs)ϕ̂
†
kx,−ky

ϕ̂kx,−ky

= 0 (80)
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As a consequence, all the terms of this form will vanish in equation (77). Noting that the integral over velocity

space of v∥FMs is zero, the expression of the particle flux therefore reduces to:

Γr
s =

∑
kx,ky>0

〈
2kyEry

Im

[∫
f̂sχ̂

†
dv

]〉
(81)

This means that the radial flux of particles given by equation (77) is equal to the radial flux of gyrocenters,

equation (81). The contributions from polarisation and magnetisation cancel out.

Similarly, the energy flux given in [BC18]:

Qr
s =

∑
kx,ky

〈
ikyEry

∫
(
1

2
msv

2 + Es)ĥsχ̂†
dv

〉
(82)

where Es is the centrifugal energy entering equation (21), can be written as:

Qr
s =

∑
kx,ky>0

〈
2kyEry

Im

[∫
(
1

2
msv

2 + Es)f̂sχ̂†
dv

]〉
(83)

As for the particle flux, there is no contribution from polarisation or magnetisation effects.

For the toroidal angular momentum flux, the situation is a bit more involved. We first consider the

contribution arising from the parallel dynamics, expressed in the rotating frame:

Π∥,r
s =

∑
kx,ky

〈
ikyEry

∫
sbmsR

|Bt|
B

v∥ĥ
†
sχ̂dv

〉
(84)

Keeping only non-canceling components, we get:

Π∥,r
s =

∑
kx,ky>0

〈
2kyErysbmsR

|Bt|
B

Im

[∫
v∥f̂sχ̂

†
dv

− Zse

Ts
ϕ̂Â†

∥

∫
v2∥J

2
0FMsdv (85)

− 1

Ts
B̂∥Â

†
∥

∫
µsv

2
∥J0Ĵ1FMsdv

]〉
Using the velocity space integrals of Bessel functions listed in Appendix A, this yields

Π∥,r
s =

∑
kx,ky>0

〈
2kyErysbmsR

|Bt|
B

Im

[∫
v∥f̂sχ̂

†
dv − ns

2
v2ths

[
Zseϕ̂

Ts
Γ0 +

B̂∥

B
[Γ0 − Γ1]

]
Â†

∥

]〉
(86)

In addition to the radial flux of parallel momentum carried by the gyrocenters (first term under the integral

in equation (86)), a momentum flux is driven by the interplay between polarisation and magnetisation of the

background plasma and the magnetic flutter of the field lines (second and third terms under the integral in

equation (86)).

The contribution arising from the perpendicular dynamics is given by:

Π⊥,r
s =

∑
kx,ky

〈
nk⊥ · ∇r

Zse

k2⊥

∫
ĥ†sχ̂adv

〉
(87)

Open Plasma Science 2, No.2 (2026) 37 | 40

https://doi.org/10.46298/ops.17447


10.46298/ops.17447 Camenen et al.

where n is the toroidal mode number, related to the binormal wavevector by 2πn = ∆yky and an additional

potential χ̂a has been introduced for convenience:

χ̂a = k⊥ρsJ1(k⊥ρs)[ϕ̂− v∥Â∥] +
µs

Zse
[Ĵ1(k⊥ρs)− 2J0(k⊥ρs)]B̂∥ (88)

Invoking again Hermitian symmetry, see equation (14), we notice that:∑
kx,ky

nk⊥ · ∇r ĥ†sχ̂a =
∑

kx,ky>0

2nk⊥ · ∇r Re

[
ĥsχ̂

†
a

]
(89)

We then have:

Π⊥,r
s =

∑
kx,ky>0

〈
2nk⊥ · ∇r

{
Re

[
ms
B

∫ µs

Zse
Ĵ1f̂sϕ̂

†
dv

]
+nsms

B2 (Γ0 − Γ1)|ϕ̂|2

+nsmsTs
2ZseB3 (Γ0 − Γ1)Re

[
B̂∥ϕ̂

†
]

−Re

[
ms
B

∫
v∥

µs

Zse
Ĵ1f̂sÂ

†
∥dv

]
+Re

[
1
k2⊥

∫
µs(Ĵ1 − 2J0)f̂sB̂

†
∥dv

]
+nsZse

k2⊥B
[(2bs − 1)Γ0 − 3bsΓ1]Re

[
ϕ̂B̂†

∥

]
+ nsTs

k2⊥B2
1
2(Γ0 − Γ1)|B̂∥|2 (90)

−2nsTs

k2⊥B2 [2(1− bs)Γ0 + (2bs − 1)Γ1] |B̂∥|2
}〉
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