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Abstract

In magnetized plasmas, a radial gradient of parallel velocity, where parallel refers

to the direction of magnetic field, can destabilise an electrostatic mode called Parallel

Velocity Gradient (PVG). The theory of PVG has been mainly developed assuming a

single species of ions. Here, the role of impurities is investigated based on a linear, local

analysis, in a homogeneous, constant magnetic field. To further simplify the analysis,

the plasma is assumed to contain only two ion species — main ions and one impurity

species — while our methodology can be straightforwardly extended to more species. In

the cold-ion limit, retaining polarization drift for both main ions and impurity ions, and

assuming Boltzmann electrons, the system is described by 4 fluid equations closed by

quasi-neutrality. The linearized equations can be reduced to 2 coupled equations: one

for the electric potential, and one for the effective parallel velocity fluctuations, which

is a linear combination of main ion and impurity parallel velocity fluctuations. This

reduced system can be understood as a generalisation of the Hasegawa-Mima model.

With finite radial gradient of impurity parallel flow, the linear dispersion relation then

describes a new instability: the impurity-modified PVG (i-PVG). Instability condition

is described in terms of either the main ion flow shear, or equivalently, an effective

flow shear, which combines main ion and impurity flow shears. Impurities can have

a stabilising or destabilising role, depending on the parameters, and in particular the

direction of main flow shear against impurity flow shear. Assuming a reasonable value

of perpendicular wavenumber, the maximum growth rate is estimated, depending on

impurity mass, charge, and concentration.
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1 Introduction

In magnetized plasmas, the Parallel Velocity Gradient (PVG), or Parallel Velocity Shear (PVS) is a type of

Kelvin-Helmholtz fluid instability driven by a radial gradient of parallel (to magnetic field) plasma flow. It

is sometimes referred to as D’Angelo instability, since D’Angelo investigated a simplified version (simplified

by a radial WKB approximation) for a low-temperature plasma in a uniform magnetic field [D’A65]. The

D’Angelo instability was then observed in basic plasma experiments [DG66, KTH03].

In toroidal magnetic confinement fusion devices, magnetic shear is stabilising [CRL73]. However, theory

indicates that PVG-driven turbulence may be found in the vicinity of transport barriers [McC02, GSG
+

02],

in the SOL [DHG
+

92], in the presence of strong parallel beam injection, and more readily in spherical

tokamaks [CBKW12, WER
+

15]. Even in cases where PVGs are weak, they can have important impact by

coupling with Ion-Temperature-Gradient (ITG) turbulence. Theory predicted subcritical ITG-PVG turbu-

lence [NCL10, BPH
+

11, SHC12, HSC
+

12], which is consistent with measurements (by Beam Emission Spec-

troscopy) on MAST [FDG
+

12]. Strong experimental hints, from fluctuation level and isotropy of correlation

length, indicate a significant contribution of PVG-driven turbulence in the edge of the CT-6B tokamak plasma

[WWY
+

98]. The universality of PVGs in tokamaks remains an open issue.

Parallel flows are also expected to play major roles in linear magnetized plasma devices, such as PANTA

(Plasma Assembly for Nonlinear Turbulence Analysis, formerly LMD), where an uphill, near-axis, axial parti-

cle flux [KIK
+

16] has been measured to be consistent with PVG/drift-waves coupling [IKK
+

16], with a regime

transition in quantitative agreement with the theoretical linear instability threshold [KII15].

Magnetic confinement fusion plasmas are often contaminated by ion species other than hydrogen isotopes,

which are then called as impurities. These can include helium, nitrogen, neon, argon, beryllium, carbon, and

tungsten. Linear magnetized plasma experiments can also include impurities. In particular, a new linear de-

vice, called SPEKTRE (Sheath, Plasma Edge & Kinetic Turbulence Radiofrequency Experiment) [BGH
+

23]

and currently under construction, is partly designed to inject various impurities in a controlled manner and

investigate their impact and their dynamics.
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Our objective here is to investigate the instability driven by a radial shear of the parallel flows of multiple

species, which we refer to as impurity-modified PVG (i-PVG). We consider experimental conditions that are

relevant to linear plasma experiments with cylindrical geometry such as PANTA and SPEKTRE, and are in-

sightful approximations of tokamak’s edge plasma, where the PVG instability is of its most significance. Our

local, linearized model can be understood as a modified Hasegawa-Mima model including equilibrium and

perturbed parallel velocities of both main ions and impurities.

In the case of slab geometry with weak magnetic shear, Guo obtained from gyrokinetic equations a linear

dispersion relation for PVG with impurities, showing the stabilization of the PVG instability by the presence

of impurities and by the increase of electron density gradient [GWZ19]. Here we adopt a fluid approach,

and investigate how the i-PVG threshold, frequency and growth rate depend on parameters such as impurity

charge, mass, concentration and parallel flow shear. We further assume a cold-ion limit to provide more clear

analysis of the i-PVG. Our fluid approach is supported by this cold ion assumption, plus by the fact that our

study focuses on the linear growth of the instabilities and ignores the damped states, so that kinetic effects

such as Landau damping can be neglected. Compared to Guo’s previous work, our approach provides a more

flexible analysis in terms of parameter scan for independent ion and impurity flow shears, and demonstrates

that the presence of impurity can be either stabilizing or destabilizing for PVG. The relationship between

linear properties and plasma parameters turns out to be somewhat complex, with several non-monotonous

dependencies.

2 Model

The model is based on a local approximation in a Cartesian basis (êx, êy , êz). The magnetic field is assumed

homogeneous and constant, B = Bêz . Hereafter, the parallel and perpendicular subscripts (∥ and ⊥) refer

to the direction of the magnetic field êz and the perpendicular plane (êx, êy). For each species s, both

equilibrium density gradient and equilibrium parallel velocity gradient are assumed constant and in the x
direction:

∇ns,0 =
ns,0

Ln,s
êx (1)

∇u∥,s,0 =
u∥,s,0

Lu,s
êx (2)

where Ln,s and Lu,s are the density gradient length and parallel velocity gradient length.

We assume for simplicity that the plasma contains only electrons (s = e) and two ion species (one main

ion species s = i, and one impurity species s = z), although the model can be straightforwardly generalized

to more species. For each species, mass is noted ms, and charge is noted qs = Zse, where e is the elementary

charge (Ze = −1 and, for simplicity, we assume that the main ions satisfy Zi = 1).

We adopt the cold ion limit, setting for the wave number an approximate maximum limit

√
Te/Ts/ρs,

with s = i and z, and ρc,s being the Larmor radius of species s. The perpendicular motion of ions (both main

ions and impurity ions) is dominated by E ×B drift,

uE =
E ×B

B2
(3)

and polarization drift,

up,s =
1

ωc,sB
B × duE

dt
=

1

ωc,sB

dE⊥
dt

(4)

This is valid up to first order in terms of the ratio between wave frequency and cyclotron frequency, ω/ωc,s.

Here, as verified a posteriori, ω/ωc,i remains as small as a few percent. However, since ωc,z/ωc,i = Zzmi/mz ,
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the model requires heavy impurities to be sufficiently ionized (unless these impurities are in high enough

concentration to bring ω down to small enough values).

These assumptions yield a system of four fluid equations. Namely, for each of s = i and z, the density

equation writes as

∂ns

∂t
+ ∇⊥ · [ns(uE + up,s)] + ∇∥(nsu∥,s) = 0 (5)

and the parallel flow equation writes as

∂u∥,s

∂t
+ (uE + up,s) ·∇⊥u∥,s + u∥,s∇∥u∥,s = − qs

ms
∇∥ϕ (6)

Assuming that electron density ne responds to electrostatic fluctuations ϕ according to a Boltzmann distri-

bution, the system of equations is closed by quasi-neutrality,∑
s ̸=e

Zsns = ne = n0 exp

(
eϕ

Te

)
(7)

where Te is the temperature.

3 Linear analysis

To obtain the linear dispersion relation, densities and parallel velocities are split into equilibrium and fluctu-

ation parts, ns = ns,0 + ñs and u∥,s = u∥,s0 + ũ∥,s. Then, Eqs. (5)-(7) are linearized,

∂ñs

∂t
+ uE ·∇⊥ns,0 + ns,0∇⊥ ·up,s + ns0∇∥ũ∥,s = 0 (8)

∂tũ∥,s + uE ·∇⊥u∥,s,0 = − qs
ms

∇∥ϕ (9)

∑
s ̸=e

Zsñs = ne,0
eϕ

Te
(10)

Here we used the assumption of homogeneous magnetic field to remove the term in ∇·uE . In addition, we

neglected four terms which remain small for typical plasma parameters:

1. The termup,s ·∇⊥ns,0 is of orderω/ωc,s compared touE ·∇⊥ns,0. Note that, compared tons,0∇⊥ ·up,s,

it is of order kx/(k
2
⊥Ln), which, as verified a posteriori, remains much smaller than unity as long as

ρc,i/Ln ≪ 1.

2. Similarly, the term up,s ·∇⊥u∥,s,0 is of order ω/ωc,s compared to uE ·∇⊥u∥,s,0.

3. The term u∥,s0∇∥ñs, compared to ∂ñs/∂t, is of order k∥u∥,s0/ω, which must remain small to avoid

strong Landau damping. Note that, compared to uE ·∇⊥ns,0, it is of order (Ti/Te)M
2
s , where Ms =

u∥,s0/vT,i is the Mach number for species s. To obtain the latter ordering, we substituted k∥ by

∇u∥
2ωc

ky
(which provides the strongest instability, cf Eq. (20) for justification), and assumed that for each species,

density and parallel gradient lengths are comparable. Extension of this theory for plasmas where the

condition M2
s ≪ Te/Ti is not satisfied, is left for future work, as accounting for the term u∥,s0∇∥ñs

expands a parameter space that is already very large.

Open Plasma Science 1, No.1 (2024) 4 | 17

https://doi.org/10.46298/ops.13628


10.46298/ops.13628 Bourgeois et al.

4. Similarly, the term u∥,s0∇∥ũ∥,s, compared to ∂ũ∥,s/∂t, is of order k∥u∥,s0/ω.

A linear combination reduces the system Eqs. (8)-(10) to two coupled equations, on the effective variables

Φ = eϕ/Te =
∑

Zsñs/ne,0 and ˜̄u∥ =
∑

ZsCsũ∥,s, where Cs = ns,0/ne,0 is the equilibrium concentration

of species s. The two coupled equations write

∂t
(
1− ρ̄2∇2

⊥
)
Φ + v∗,e ∂yΦ + ∇∥ ˜̄u∥ = 0 (11)

∂t ˜̄u∥ − ∇u∥ ρc,ivT,i ∂yΦ = −c2s∇∥Φ (12)

where

ρ2 =
∑
s ̸=e

CsZ
2
sρ

2
c,s (13)

is a linear combination of ion Larmor radii, v∗,e = Te/(eBLn,e) is the electron diamagnetic drift velocity, cs
is the ion-acoustic velocity including the contribution of impurities,

c2s =
∑
s ̸=e

Cs Z
2
s

Te

ms
(14)

(recalling we adopt the cold ion limit), and, most importantly,

∇u∥ =
∑
s ̸=e

Cs Zs∇u∥,s,0 (15)

is a linear combination of main ion and impurity parallel velocity gradients, which we refer to as the effective
flow shear. It is the source of free-energy of the i-PVG instability. Note that throughout this paper, we note

the radial gradient (∂/∂x) as ∇ (without a subscript). Let us define the ratio of parallel velocity gradients,

V = ∇u∥,z,0/∇u∥,i,0. Then the effective flow shear can also be written as ∇u∥ = (Ci + V CZ ZZ)∇u∥,i,0.

The above model can in fact be seen as a modification of the Hasegawa-Mima model, including the ef-

fective flow shear. This analogy is however limited to the linear regime: a similar linear combination on the

system Eqs. (5)-(7) would not yield a comparable effective description of the instability at the non-linear level.

However, the nonlinear evolution of a i-PVG wave packet interacting with mesoscale fluctuations (such as

convective cells, zonal flows, streamers) can be investigated by modulational analysis [KBLO24].

Fourier analysis yields the dispersion relation,

ω2 − ωiDW ω −
(
k∥cs

)2
1 + (k⊥ρ)

2

(
1− ky

k∥

∇u∥

ωc

)
= 0 (16)

where

ωiDW =
ky v∗,e

1 + (k⊥ρ)
2 (17)

is the drift-wave frequency modified by impurities, and

ωc =
∑
s ̸=e

Cs Zs ωc,s (18)

is a linear combination of main ion and impurity cyclotron frequencies.
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The quadratic Eq. (16) includes an unstable solution if and only if the function

∆(k∥) =
(ωiDW

2

)2
+

(
k∥cs

)2
1 + (k⊥ρ)

2

(
1− ky

k∥

∇u∥

ωc

)
(19)

is negative.

When the parallel wave number is k∥ = k∥,max, with

k∥,max =
∇u∥

2ωc
ky (20)

the function ∆ reaches its minimum value

∆min =
(ωiDW

2

)2 (
1 − L2

n,e (1 + k2⊥ρ̄
2)

∇u∥
2

cs2

)
(21)

Therefore, the linear instability condition can be written in terms of the effective flow shear,

∣∣∇u∥
∣∣ > ∇u∥cr

with

∇u∥
2

cr
=

(cs/Ln,e)
2

1 + (k⊥ρ)
2 (22)

or, alternatively, in terms of the main ion flow shear,

∣∣∇u∥,i,0
∣∣ > ∇ui,cr with

∇ui,cr =
1

Ci + V CZ ZZ
∇u∥cr (23)

When an i-PVG wave is unstable, its frequency is ωiDW/2 and its growth rate is γ =
√
−∆ (∆ is then

negative). These expressions are given in Eqs. (17) and (19). Note that the factor 2 in the frequency is mainly

due to the finite value of k∥ – the i-PVG frequency does recover the impurity-modified drift-wave frequency

in the limit of k∥ = 0 and ∇u∥ = 0.

For a given set of plasma parameters and a given value of k⊥, the maximum growth rate is reached for

kx = 0 and k∥ = k∥,max(ky), in which case

γmax =
k⊥ v∗,e/2

1 + k2⊥ρ̄
2

[
L2
n,e (1 + k2⊥ρ̄

2)
∇u∥

2

c2s
− 1

]1/2
(24)

Hereafter we focus on that case kx = 0, which is also more consistent with our local model.

4 Application to typical plasmas

For concision, let us note M = mz/mi the mass ratio, and V = ∇u∥,z,0/∇u∥,i,0 the ratio of parallel velocity

gradients. Table 1 shows the parameters of a reference case, designed to be representative of a fusion plasma

with highly ionized tungsten. The values ∇u∥,i,0 and V = 2 are consistent with measurements [TGF
+

02,

GCH
+

19]. Hereafter, we present analyses of cases which are variations of this reference case. The varying

parameters are summarized in Table 2.
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Ln/ρc,i ∇u∥,i,0/ωc,i V M Z Cz ρc,ikx ρc,iky ρc,ik∥
Reference case 10 0.1 2 184 40 10−3

0 0.7 ρc,ik∥,max

Table 1: Input parameters for the reference case.

∇u∥,i,0/ωc,i V M Z Cz ρc,iky ρc,ik∥
Fig. 1 0.1 2 12 and 184 6 and 40 0 and 10−3

0.7 -0.02 – 0.08

Fig. 2 0.1 2 184 40 10−3
-1 – 1 -0.1 – 0.1

Fig. 3 0.1 2 12 and 184 6 and 40 0 and 10−3
0 – 2 ρc,ik∥,max

Fig. 4 - 2 0 – 200 0 – 200 10−3
0.7 ρc,ik∥,max

Fig. 5 0.1 -1 – 2 5 – 200 5 10−4
– 10−2

0.7 ρc,ik∥,max

Fig. 6 0.1 -1 – 2 184 0 – 50 10−4
– 10−2

0.7 ρc,ik∥,max

Fig. 7 0.1 -1 – 2 12 – 184 3 – 40 10−5
– 10−2

0.7 ρc,ik∥,max

Fig. 8 0.08 2 12 and 184 6 and 40 0 and 10−3
0 – 2 ρc,ik∥,max

Fig. 9 0.08 2 0 – 200 0 – 200 10−3
0.7 ρc,ik∥,max

Fig. 10 0.08 -1 – 2 5 – 200 5 10−4
– 10−2

0.7 ρc,ik∥,max

Fig. 11 0.08 -1 – 2 184 0 – 50 10−4
– 10−2

0.7 ρc,ik∥,max

Fig. 12 0.08 -1 – 2 12 – 184 3 – 40 10−5
– 10−2

0.7 ρc,ik∥,max

Table 2: Input parameters for each figure. This table includes only parameters which vary compared to the reference case. In other
words, for all figures, Ln/ρc,i = 10 and kx = 0.

4.1 Dispersion relation

Figure 1 shows the dispersion relation for the reference case, as well as for C
6+

(M = 12 and Z = 6) impurity.

The dispersion relation of the pure PVG is included for comparison. We observe that the dispersion relation

is qualitatively similar for the pure and impure cases, but quantitatively different. As demonstrated hereafter,

differences are more important closer to the PVG instability threshold, or for higher impurity concentrations.

Let us now verify both the accuracy of the assumptions (i)–(iv) described in Sec. 3, and the correctness of

our linear analysis. We developed an initial value numerical simulation code to solve the fluid model Eqs. (5-

7), which does not rely on the assumptions (i)–(iv). Time integration is performed by an explicit RK4 scheme

with time-step width ∆t = 10−2ω−1
c,i . All quantities (ϕ, ns, u∥,s) are described in Fourier space (kx, ky)

on a 256x256 grid for a fixed k∥. Nonlinear terms such as ns u∥,s are computed in real space before being

transformed back to Fourier space. Fig. 1 includes the frequency and growth rate extracted from time-traces

of complex Fourier component of ϕ, during the linear phase. There is good quantitative agreement for the

values of k∥ such that the growth rate is close to its maximum – the relative error for the growth rate remains

below 0.2% for the range γ/ωc,i > 0.014. The relative error can be as high as a few percent in the range

0.004 < γ/ωc,i < 0.007 or a few tens of percent in the range γ/ωc,i < 0.004, but these weak modes are

negligible in the linear phase of the instability. The relative error for the frequency remains below 0.5% for

the whole unstable range.

Figure 2 shows the linear growth rate in the space of wavevector components (k∥, ky). The asymmetry in

this space, instability occurring only for ky k∥ > 0 (for ∇u∥ > 0), is an important property of the i-PVG. If

the sign of ∇u∥ was flipped, the unstable region would be in the region ky k∥ < 0. As expected, growth rate

is maximum for k∥ = k∥,max. Hereafter, we always set k∥ = k∥,max.
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Figure 1: Dispersion relation of the i-PVG: frequency and growth rate against parallel wavenumber, for the reference case ("High-Z
Tgst"), as well as a case with C6+ impurity ("High-Z Carb"). The dispersion relation of the pure PVG is included for comparison. The
curves for the pure PVG are almost hidden behind the curves for the C6+ impurity. The cross and plus symbols correspond to linear
frequency and growth rate measured in an initial value simulation of the fluid model Eqs. (5-7).

Figure 2: Growth rate against parallel and azimuthal wavenumbers, for the reference case. The dashed black line represents the
condition k∥ = k∥,max. The white curve is the instability threshold.

Figure 3 displays the maximum growth rate (obtained for k∥ = k∥,max) against the azimuthal ky wavenum-

ber, as well as the corresponding frequency. Our model does not include any mechanism for small scale dissi-

Open Plasma Science 1, No.1 (2024) 8 | 17

https://doi.org/10.46298/ops.13628


10.46298/ops.13628 Bourgeois et al.

pation. As a consequence, γmax spuriously keeps on increasing for increasing ky . However, our model looses

its validity as ρc,ik approaches unity. With the knowledge of the typical shape of γmax(k) obtained from more

complete models for many instabilities, let us approximate the physical maximum growth rate by choosing a

cut-off at ρc,ik = 0.7 as a first, qualitative approach. Then, for our reference case, the maximum growth rate

is γmax ∼ 0.02ωci.

Figure 3: Dispersion relation of the i-PVG: frequency and growth rate against the azimuthal wavenumber ky , for the reference
case ("High-Z Tgst"), as well as a case with C6+ impurity ("High-Z Carb"). The dispersion relation of the pure PVG is included for
comparison. The curves for the pure PVG are almost hidden behind the curves for the C6+ impurity.

In summary, the results in this section confirm that the linear properties of the i-PVG instability are qual-

itatively the same as that of the pure PVG instability. For the chosen set of parameters, even the quantitative

differences are small. However, that is for a case where the pure PVG instability is already quite strong, since

γ ≈ ω. In this sense, the above results concern a range far from instability threshold. By contrast, in the next

section we focus on the instability threshold itself.

4.2 Critical ionic PVG

As explained in Sec. 3, for a given set of parameters (Ln, ∇u∥,i,0, V , M , Z , Cz), and bounded value of ky ,

the i-PVG instability threshold can be expressed either in terms of the effective flow shear, which is a com-

bination of main ion and impurity flow shears, or, alternatively, in terms of the main ion flow shear alone.

The corresponding thresholds are given by Eqs. (22) and (23), respectively. The preferred point-of-view may

depend on the experimental conditions which determine preferred control parameters. Here we focus on the

second point-of-view, that of critical main ion flow shear for a given ratio V .

Figure 4 displays the critical main ion flow shear against mass and charge ratios, forV = 2 andCz = 10−3
.

It is clear that i-PVG-unstable conditions are more readily reached when the impurity is massive and highly

ionized. In realistic machines however, radiation from high-mass and high-Z impurities is a severe issue, so

that the applicability of such ranges of parameters should be carefully studied. On the contrary, at this low

concentration, the threshold for low-mass, low-charge impurities is not so different from the threshold for

high-mass, low-charge impurities, and is actually close to the threshold of the pure PVG.

Open Plasma Science 1, No.1 (2024) 9 | 17
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Figure 4: Critical main ion flow shear against mass and charge ratios.

Figure 5 illustrates the role of the mass ratio, at fixed Z = 5, for various impurity concentrations Cz and

various flow shear ratios V . The critical main ion flow shear is always decreasing with increasing mass ratio,

but the relationship is nonlinear. Here the impact of V is small, but that is because Cz and Z are both low,

such that the i-PVG is actually very close to the pure PVG.

Figure 5: Critical main ion flow shear against mass ratio, for Z = 5. Left: fixed V = 2 and various concentrations. Right: fixed
Cz = 10−3 and various V .

Figure 6 illustrates the role of the charge number Z of the impurity, at fixed mass ratio M = 184 (tung-

sten), for various impurity concentrations Cz and various flow shear ratios V . Higher Z can be either sta-

bilising or destabilising depending on the parameters, such as V . Here, at concentration Cz = 10−3
, it is

stabilising for V = 2, but destabilising for V = 0.5 and V = −1. This stabilising role of impurities is consis-

tent with simple intuition in the case V = −1, since impurity flow counteracts main ion flow in this case. In

the case V = 0.5, the stabilising effect is more subtle: in this case the variation in Eq. (23) is dominated by the

denominator (Ci + V CZZ), which can be re-written as [1 +ZCZ(V − 1)]. However, which term dominates

Open Plasma Science 1, No.1 (2024) 10 | 17
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depends on the value of V . For example, for V = 1, the variation as Z increases is dominated by the decrease

of cs, so increasing Z is stabilising. For an intermediate case, V = 0.8, the dependency is non-monotonous:

increasing Z is stabilising for Z < 28 and destabilising for Z ≥ 28.

Figure 6: Critical main ion flow shear against charge number Z , for M = 184. Left: fixed V = 2 and various concentrations.
Right: fixed Cz = 10−3 and various V .

A more intuitive picture can be obtained by varying impurity concentration while the impurity species

and Z are fixed. Figure 7 illustrates the role of impurity concentration, for various impurity species (C
3+

,

C
6+

, W
5+

, W
40+

) and various values of V . From this point of view, the role of impurity flow is consistent

with simple intuition: if V > 0, impurity flow adds up to main ion flow, which is destabilising; conversely, if

V < 0, impurity flow counters main ion flow, which is stabilising. Increasing concentration accentuates the

impact – whether stabilising or destabilising – of the impurity on the instability threshold. This effect may

offer new means of control of the PVG instability by impurity injection.

Figure 7: Critical main ion flow shear against impurity concentration. Left: fixed V = 2 and various species. Right: various V and
the impurity is W40+.

In summary, the critical main ion flow shear decreases non-linearly with increasing mass ratio, and may

increase or decrease in a non-trivial manner depending on all the other parameters.
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For our reference case, the instability threshold is ∇ui,cr = 0.075925ωc,i. In the next subsection, in order

to study the growth rate near the instability threshold, we arbitrarily fix ∇u∥,i,0 = 0.08ωc,i.

4.3 Growth rate

Figure 8 displays the maximum growth rate (obtained for k∥ = k∥,max) against the azimuthal ky wavenumber,

as well as the corresponding frequency, for ∇u∥,i,0 = 0.08ωc,i. Here, for ky < 0.75 ρ−1
c,i , the main ion parallel

velocity shear is below the threshold for pure PVG. As a consequence, the behavior is qualitatively different

compared to Fig. 1 (which is for ∇u∥,i,0 = 0.1ωc,i, above the pure PVG threshold even for ky → 0). There is

now an additional bifurcation.

Figure 8: Dispersion relation of the i-PVG: frequency and growth rate against azimuthal wavenumber, for the reference case, as
well as a case with C6+ impurity ("High-Z Carb") – same as Fig. 1 but for lower ∇u∥,i,0 = 0.08ωc,i. The dispersion relation of the
pure PVG is included for comparison. The curves for the pure PVG are almost hidden behind the curves for the C6+ impurity.

Again, let us approximate the physical maximum growth rate by fixing ρc,ik = 0.7. Then, for our plasma

with W 40+
, the maximum growth rate is γmax ∼ 0.008ωc,i. Consistently, the maximum growth rate in the

following figures (9, 10, 11 and 12), where impurity parameters are varied, is obtained from our model for the

wave vector kmax with components kx = 0, ky = 0.7/ρc,i, k∥ = k∥,max.

Figure 9 shows our estimated maximum growth rate against mass and charge ratios, for V = 2 and

Cz = 10−3
. Recalling that the real frequency of the mode is typically ω ≈ 0.02ωc,i, we confirm that our

choice of cut-off (ρc,ik = 0.7) ensures that γmax/ω remains significantly below unity, except for unrealistically

highly ionized heavy impurities. Note that here, the main ion parallel velocity shear is below the threshold

for pure PVG (which is 0.08192ωc,i for ky = 0.7 ρ−1
c,i ).

Figure 10 illustrates the role of the mass ratio on the maximum growth rate, for fixed Z = 5 and various

Cz and V . From this perspective, the instability threshold can be viewed as a threshold in impurity mass,

every other parameters being fixed. Similarly to the effect of mass on the instability threshold, increasing

mass always increases the maximum growth rate.
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Figure 9: Maximum growth rate against mass and charge ratios, for ∇u∥,i,0 = 0.08ωc,i.

Figure 10: Maximum growth rate against mass ratio, for ∇u∥,i,0 = 0.08ωc,i and Z = 5. Left: fixed V = 2 and various Cz . Right:
fixed Cz = 10−3 and various V .

Figure 11 illustrates the role of the impurity charge on the maximum growth rate, for fixed M = 184 and

various Cz and V . As a rule of thumb, the growth rate is less sensitive to Z than to M . Increasing Z may be

destabilising or stabilising depending on the parameters, and in particular depending on the flow shear ratio

V . For V = 0.5 or V = −1, the i-PVG instability threshold can be viewed as a threshold in impurity charge,

instability occurring only below a critical number.

Figure 12 illustrates the role of impurity concentration on the maximum growth rate, for various species

and V . In this point-of-view, the instability threshold is a threshold in concentration. With our arbitrary

choice of ∇u∥,i,0 = 0.08ωc,i = 1.05∇ui,cr, the concentration threshold is of the order of 10−4
– 10−3

for

tungsten, and of the order of 10−3
– 10−2

for carbon. However, with∇u∥,i,0 closer to∇ui,cr, the concentration

threshold can even be much lower. Here, the growth rate increases with increasing concentration. However,

there are also cases where concentration has a non-monotonous impact [LBK23].
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Figure 11: Maximum growth rate against impurity charge, for ∇u∥,i,0 = 0.08ωc,i and M = 184. Left: fixed V = 2 and various
concentrations. Right: fixed Cz = 10−3 and various V .

Figure 12: Maximum growth rate against impurity concentration. Left: fixed V = 2 and various species. Right: various V and the
impurity is W40+.

Let us emphasize that figures 11 and 12 are useful to guide experiments which could test this theory. For

example, impurities may be purposely injected in a linear device, to either excite the i-PVG, or to suppress

a pure PVG (depending on the direction of flow shears). However, the analysis should be reproduced after

measuring the values of parallel flows, since the thresholds in Z and CZ are sensitive to the value of the main

ion flow shear – and more specifically its closeness to marginal stability.

5 Conclusions and discussions

We investigated the role of a radial gradient of the parallel flow of impurities in a magnetized plasma. The

linear dispersion relation indicates that the impurity-PVG is destabilised when L2
n,e∇u∥

2
> c2s/[1 + (k⊥ρ)

2].
Similarly to the pure-PVG, the i-PVG is asymmetric in the space of wavevector components (k∥, ky): it is

unstable only for ky k∥∇u∥ > 0.

If the plasma is unstable to the pure-PVG, then impurities can be stabilising if their flow shear is opposite to

the flow shear of main ions. Note that this does not require flows themselves to be in opposite directions. The
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role of impurities is more prominent for higher mass and/or higher charge number. In general, the instability

threshold and the growth rate are more sensitive to charge number than to mass.

The analytic expression of the maximum growth rate is given in Eq. (24). To investigate how the max-

imum growth rate depends on plasma and impurity parameters (Figs. 10-12), we assumed a perpendicular

wavenumber comparable to the inverse Larmor radius (of main ions).

In the typical case of a hydrogen plasma with a 10−3
concentration of W 40+

, tungsten flow shear being

twice the hydrogen flow shear, and assuming that the linear growth rate is maximum for k⊥ ≈ 0.7 ρ−1
c,i , the

i-PVG instability is unstable for hydrogen flow shear above a threshold ∇ui,cr ≈ 0.076ωc,i, and most unstable

for parallel wavenumbers k∥ ≈ 0.04 ρ−1
c,i .

Although the present work should in principle capture the main linear properties of the i-PVG, the reader

should keep in mind that it is subject to several caveats: it is a local analysis, assuming cold ions and Boltzmann

electrons. Our model does not include collisional effects, viscosity, resistivity. We limited our analysis to two

species, but it can be straightforwardly generalised to more species.

The present work focused on the linear properties of the i-PVG. Although, the (quasi-)steady-state spec-

trum of fluctuations may roughly reflect the location in k-space of most unstable modes, nonlinear simula-

tions and analysis are necessary to improve predictions and understanding of steady-state fluctuations. In

particular, the present work cannot address the role of zonal flows, which can be generated by PVGs [KII17].

Impurities may play an interesting role in both the generation and the damping of zonal flows.

Impurities are transported in the radial direction, in general by both neoclassical and turbulent processes,

although one process may dominate depending on the species and plasma parameters. The efficiency of

fusion depends on the radial distribution of impurities, which results from transport. For example, slight

tungsten contamination of the core yields prohibitive energy losses. Therefore, it is essential to improve

our understanding of impurity transport. However, the model adopted here assumes a Boltzmann response

of electrons to electric fluctuations, which precludes any radial transport of electrons. Quasi-neutrality then

forces impurity particle transport to exactly balance main ion particle transport. This assumption is reasonable

for the present linear analysis, but is too strong for providing any conclusion about impurity particle transport.

The relaxation of this assumption is left for future work. In addition, we recall that our model assumes cold

ions, which precludes us from making any similar statement about heat transport.
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1 Introduction

Application of integrated modeling to tokamak full–discharge prediction has in recent times become possi-

ble due to the combination of comprehensive transport modeling tools, which describe the dynamics of the

thermonuclear plasma, and the integration of said tools into a virtual representation of the actual machine di-

agnostics, actuation, and control systems. An example of such nested integration is the flight simulator Fenix

[JFET21, WDF
+

24, FJT
+

22, MFA
+

23], which is being developed at ASDEX Upgrade (AUG). In this framework,

both the plasma dynamics and the feedback from the control system in response to the diagnosed evolution

are modeled in a virtual environment.

From the point of view of simulating the plasma dynamics, one of the basic aspects is the calculation of

its magnetostatic equilibrium via the Grad–Shafranov equation (GSE) [Sha60], and its evolution on the time

scale of induction/resistance with mutual coupling between the plasma and the external conducting coils and

structures [BLF84]. The GSE is fundamentally a non–linear equation, requiring a dedicated iteration scheme

to converge to a self–consistent solution. However, when run inside an integrated modeling framework that

is supposed to be fast enough to be run inter–discharge (or even real–time), it would be desirable to find a way

to minimize the computational time spent on this problem, especially if massive numerical parallelization is

not readily available.

It is noted here that there is an extensive literature on the problem of solving the GSE, both in fixed or in

free–boundary mode [ELSV24, PCF
+

13, PKF16, RCRF16, HS14, GL04], and sophisticated numerical tools exist

that address this problem, such as [Jeo15, HBB
+

15, HSB
+

24, AAM15]. More recently, there have been very

Open Plasma Science 1, No.2 (2025) 2 | 23

https://doi.org/10.46298/ops.14641


10.46298/ops.14641 Fable et al.

interesting attempts to dramatically speed up the computation by replacing the equation solver with a neural

network, e.g. exploiting machine learning and artificial intelligence [JKG
+

24, MAA
+

24, WSRS24, DFB
+

22].

This new line of development has the potential of making GSE solvers extremely fast and still accurate.

In this work we have developed a new equilibrium solver specifically devoted to the problem of being

computationally simple and fast with flexibility in retaining or not the more time–consuming aspects such as

the non-linear iterations. This new code is presently coupled to the ASTRA transport solver [PY91, FAC
+

13].

In this work this new code, called FEQIS (Flexible EQuIlibrium Solver), is presented in details, and its appli-

cation inside the flight simulator Fenix is shown and benchmarked against another established equilibrium

solver.

In Section 2, the new code FEQIS is described in terms of modes of operation and details of some of

the novel algorithms. In Section 3, application inside the flight simulator Fenix is shown, comparing it with

another equilibrium solver. In Section 4, conclusions are drawn.

2 Description of FEQIS

FEQIS comprises 5 main modes of operation, plus the possibility to choose between different options in each

mode, which will be described in this and in later sections. The 5 main modes of operation are:

1 - Prescribed boundary mode,

2 - Static forward free boundary solution at initialization,

3 - Inverse solution,

4 - Currents dynamics in vacuum,

5 - Full dynamics with plasma.

Moreover, since the code has been specifically written to be used inside fast integrated modeling, focus

will be put on the methods to substantially speed it up. At the source, the code is written in Fortran 90 in

a modular way, such that it is easy to manage the different algorithms and add new ones. Presently, FEQIS

solves the standard GSE, without rotation and without pressure anisotropy. These features will all be added

in the future. The possibility of adding ferromagnetic elements is included, however has not been tested yet.

The method used for implementing this aspect is that of equivalent magnetization currents.

Note that the mode 3 (inverse solution) means that a minimization problem is solved to find the set of coil

currents that best gives a certain plasma shape. No reconstruction mode is implemented, as done for example

in other codes used for real–time equilibrium reconstruction during the experiment itself.

2.1 Prescribed boundary mode

First of all, FEQIS can be used as a prescribed boundary Grad–Shafranov solver (PBGSE solver). This means

that the plasma boundary, or last–closed–flux–surface (LCFS) is given by the user as a set of (R,Z) points,

forming a closed contour, and then FEQIS solves the GSE inside this given boundary, using as inputs the

pressure and current profile densities from the core plasma, plus the total plasma current Ip as a constraint

value to rescale the plasma current density jϕ at each iteration.

The solver uses an annular grid in non–orthogonal carthesian (r, θ) coordinates, with r the local minor

radius and θ the carthesian angle. The equation∆∗ψ = µ0Rjϕ is thus solved using a standard LAPACK matrix

solver. The magnetic axis is adaptively searched for using a least square fit method, such that at convergence,

it coincides with the center of the annular grid. Moreover, the radial coordinate grid points at each θ are moved

to coincide with the flux surfaces, thus allowing for easier computation of flux–surface–averaged quantities.

In figure (1) an example of the solution equilibrium for a diverted plasma (AUG #34954 at t = 2.2 s) is

shown. The comparison shows that FEQIS agrees perfectly with SPIDER [I
+

05, IKMP09] with respect to the
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Figure 1: Flux surfaces solved by the PBGSE solver, where the diverted plasma boundary is given as input. Black:
SPIDER solution, Red: FEQIS solution.

distribution of flux surfaces (every closed black/red line represents the same equispaced normalized toroidal

flux value).

After convergence, several flux–surface–averaged quantities are computed, that are then sent to an output

equilibrium structure and can be used in a 1D transport solver like ASTRA.

2.2 Free boundary modes

FEQIS also solves the free–boundary Grad–Shafranov equation (FBGSE), meaning that the magnetic flux

boundary conditions are at spatial infinity. For this problem, the Green’s function method is promptly em-

ployed, to reduce the problem on a closed boundary inside the region of interest [Lac76]. As such, the flux

exerted by the coils in the plasma region is computed analytically, and the rectangular grid does not need

to encompass all the conducting structures, but can be minimally set around the plasma region (usually just

outside the limiter region).

Specifically, the solution grid is Carthesian–rectangular in (R,Z) coordinates, with R being the major

radius and Z the vertical axis, in the sense of toroidal cylindrical coordinates, where the toroidal angle φ is

ignorable, since we focus on axisymmetric systems.

The FBGSE is solved for using the plasma profiles of pressure and current density, and the external con-

ductor currents. This solution is always "static", as the GSE per se has no time derivative term, however the

equilibration (or convergence) is obtained in different ways depending on the type of problem solved, which

is detailed below. In addition, also in the free boundary problem, the total toroidal plasma current Ip is used

as a constraint to rescale the plasma current density at every iteration. The reason for this choice, and where

then the total plasma current is computed, will be explained in more details in subsection (2.3.4).

In the following subsections, we analyze the individual modes of operation that are under the category

of "free boundary problems". Note that all these modes are not independent in terms of solver usage. In fact

they share the same kernel of solvers, that is the solver for the poloidal flux map is the same, as well as the

boundary finding routine and the way the equilibrium profiles are mapped on the 2D flux is the same. The

only difference between the various modes shown later is in how the coil currents are treated (static, forward,

or inverse computation).
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2.2.1 Static forward solution at initialization

In this case, the external conductor currents are fixed at their input values (provided by the user), and the

solver tries to find a solution using a double iteration strategy.

First, given a guess value of the magnetic axis (R0
mag, Z

0
mag), the code finds a vertical and radial stabi-

lization field that sets the plasma in that position, adding on top of the real external field provided by the

conductors and the plasma itself. This step is performed by starting from the generic flux expression:

ψ(R,Z) = ψpl(R,Z) + ψext(R,Z) + ψ̃RR
2 + ψ̃ZZ (1)

where ψpl is the poloidal magnetic flux created by the plasma current density, ψext the one created by the

external conductors, and R,Z the cylindrical coordinates. ψ̃R, ψ̃Z are the two stabilizing field constants, and

the stabilizing field overall is ψstab = ψ̃RR
2 + ψ̃ZZ .

To find the values of the two stabilizing constants, given AX = (R0
mag, Z

0
mag), we have to solve for the

following pair of implicit conditions: ∣∣∣∣∂ψ∂R
∣∣∣∣
AX

= 0.∣∣∣∣∂ψ∂Z
∣∣∣∣
AX

= 0. (2)

Let us call ψpl + ψext = ψ0. We can thus expand and invert the system (2) to obtain the solution formulas:

ψ̃R = − 1

2R0
mag

∣∣∣∣∂ψ0

∂R

∣∣∣∣
AX

ψ̃Z = −
∣∣∣∣∂ψ0

∂Z

∣∣∣∣
AX

(3)

Obviously, if the plasma have the magnetic axis already coincident withAX , the stabilizing fields will turn out

to be 0. To compute the gradients in equation (3) accurately, we expand ψ0 locally aroundAX employing a 9–

points biquadratic interpolant, i.e. ψ0 ≈ c1R
2Z2+c2R

2Z+c3RZ
2+c4RZ+c5R

2+c6Z
2+c7R+c8Z+c9, and

use the obtained fit coefficients to compute the gradients analytically. Note that this process is iterated until

the current density map jϕ(R,Z) is converged (as it depends on the actual flux map including the artificial

field).

Secondly, an external Newton iteration scheme tries to send to zero the strength of the stabilizing field

(ψ̃R, ψ̃Z) → 0, by moving around the reference magnetic axis values:

δ(R,Z)AX = −C× (ψ̃R, ψ̃Z) (4)

with C the 2 X 2 inverse matrix of the Jacobian given by ∂(ψ̃R, ψ̃Z)/(R,Z)AX .

When the artificial stabilization field is converged to zero (below a given tolerance), the equilibrium has

been found consistently. This procedure was already shown to work well in the SPIDER code as described in

[I
+

05, IKMP09].

In figure (2)(left) the trajectory of the values of Rax, Zax is shown along the number of iterations at the

first equilibrium call, with the sum of the artificial field squared ξstab =
√
ψ̃2
R + ψ̃2

Z on the (right) plot. For

this specific case, the same plasma shown in figure (1), but run in free boundary mode, the first equilibrium

converges after 10 iterations, where the tolerance has been set as ξstab < 10−8
.
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Figure 2: Convergence of the first equilibrium using the artificial field technique: (left) magnetic axis major radius Rax

and vertical positionZax relative to the converged value as a function of the iteration nr.; (right) strength of the artificial
field ξstab.

2.2.2 Static inverse solution at initialization

If the coil currents do not have to be strictly fixed, but can be varied a little to allow the plasma to find an

equilibrium arbitrarily close to the one given as guess (for example prescribing a boundary and a magnetic

axis), then this inverse mode performs this task. In this case, a global optimization problem is solved, where

the cost function is given as:

Fgloptim = σB
∑
b

(ψb − ⟨ψb⟩)2 +
∑
j

σI,j
(
Ij − I0j

)2
+ σax

(∣∣∣∣∂ψ∂R
∣∣∣∣2
ax

+

∣∣∣∣∂ψ∂Z
∣∣∣∣2
ax

)
(5)

where σB, σI,j , σax are weight coefficients, respectively for the reference boundary points, the reference

conductor currents, and the reference magnetic axis position (which does not need to coincide with the real

magnetic axis). ψb is the actual value of the magnetic flux on the prescribed boundary points (index "b",

running from 1 to Nb), and ⟨ψb⟩ is their average. Ij , I
0
j are respectively the conductor currents and their

reference values of the conductor j = 1..Nconduc, and finally the last term is the amplitude of the magnetic

flux gradient on the reference axis position (while it being strictly 0 on the true magnetic axis). Note that the

various weight coefficients σ’s do not need to have the same units (and as such similar values). However it is

not difficult to identify possible normalization as a future task.

To simplify the problem characterized by the cost function (5) and make it linear, one first expresses the

full flux as ψ = ψplasma + ψext, with the former the flux produced by the plasma current density and the

latter the flux produced by the external conductors. We then make the approximation that |∂ψplasma/∂I| ≪
|∂ψext/∂I|, where I is a generic conductor current. If the plasma was a non–deformable conductor, the left–

hand–side of the comparison would be strictly 0. However, even with the plasma as a fluid, that approximation

is still valid especially close to the actual solution.

To solve the optimization problem, one first computes analytically the derivative of the cost function with
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respect to the conductor current j, which is:

δFgloptim,j = 2Hj

Hj = σI,j
(
Ij − I0j

)
+ σB

∑
b

[(ψb − ⟨ψb⟩) (Gj,b − ⟨Gj,b⟩)] +

+σax

(∣∣∣∣∂ψ∂R ∂Gj

∂R

∣∣∣∣
ax

+

∣∣∣∣∂ψ∂Z ∂Gj

∂Z

∣∣∣∣
ax

)
(6)

where Gj is the Green function from the conductor j to the boundary point b or to the magnetix axis "ax".

The Newton iteration scheme in this case is the following:

δIj = −(M× δFgloptim)j (7)

where M is a matrix obtained in this way:

M = (2X)−1

Xi,j = σI,iδi,j + σB
∑
b

(Gi,b − ⟨Gi,b⟩) (Gj,b − ⟨Gj,b⟩) + σax

(
∂Gi

∂R

∂Gj

∂R
+
∂Gi

∂Z

∂Gj

∂Z

)
ax

(8)

where δi,j is the Kronecker symbol δi,j = 1 if i = j, 0 otherwise. Since the matrix X is independent of the

magnetic flux or the conductor currents, it can be pre–computed before the iterations are performed.

When the iteration scheme, equation (7), converges, the correction terms δIj are applied to the conductor

currents to find the new vacuum magnetic flux on which the plasma develops.

It is also possible to compute the coil currents from scratch, that is with null reference values. In this case,

the cost function (5) is modified in that the coils term is:

Fgloptim = ...+
∑
j

σI,j
1

2
LjI

2
j + ... (9)

where Lj is the self–inductance of conductor j. This makes the cost function sensible on the magnetic energy

generated by each individual coil.

Finally, inspired by what has been implemented in the NICE code [Fau20], the code can also compute a

set of currents, which develop a time trajectory of provided shapes, including the required loop voltage that

the plasma needs to maintain its plasma current Ip. For this case, additionally the plasma external inductance

Lext, plasma current at the present time slice Ip, and the differential variation of the plasma boundary flux

during the lapsed time δψ = Vloopδt+LextδIp. The cost function is then modified by the following additional

term:

Fgloptim = ...+ λ [δψ − Vloopδt− LextδIp] (10)

where λ is a Lagrange multiplier. This additional term enforces the flux balance between the two time slices,

where the external flux differential created by the coils has to balance the flux loss by plasma resistance and

inductance. Note that voltage limits for each coil can be given, in which case the optimal value of the new

coil currents have to fall in between the two current limits given by the estimate:

Ilim = Iref + δt [Vlim −RIref ] /L (11)

where "ref" means the coil current found at the previous time point, and R,L are respectively the resistance

and self–inductance of the coil. These constraints maintains the time variation of the fitted coils smooth and

sensible even if the actual circuit equations are not really solved.
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Figure 3: (left) Comparison of the loop voltage estimated in Astra to get the requested plasma current given the plasma
resistivity (blue line, "Astra") and the loop voltage calculated a–posteriori from the fitted coil current evolutions, shown
in figure (4) (red line); (right) comparison of the requested shapes (green) and the fitted shapes (black line, whereas the
red lines are all the other ψ contour lines). The blue thick contour represents the limiter surface used in the simulation.
When the plasma touches this contour, it becomes limited, otherwise it is an X-point configuration.
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Figure 4: Comparison of the fitted coil currents "fit" (red lines) with the experimental currents "exp" (black), for the
active coils of AUG: OH, dOH2o, dOH2u, V1o, V1u, V2o, V2u, V3. The position control coils CoIo and CoIu have not
been fitted.
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In figure (3) an example of dynamical coil fitting for an entire AUG discharge (#40446) is shown. The

left plot shows the comparison between the loop voltage calculated from Astra (blue line) to get the desired

plasma current (imposed from the experimental time trace) and the one calculated a–posteriori from the

fitted coil currents evolution (red curve). The comparison shows that, as desired, the fit procedure satisfies

the constraint imposed on the change of external magnetic flux, such as to balance the required loop voltage

at the plasma boundary.

On the right plot, the comparison of the fitted separatrix (black) with the requested shape (green) is

displayed. The fit maintains the requested shape almost to perfection.

Finally, in figure (4), the fitted coil currents (red) are compared with the experimental coil currents (black).

Note that the fit procedure knows nothing about the experimental currents. For this case, the fit constant σs

have been chosen to come close to the measured coil currents, but a discrepancy is expected since the fit does

not know about current limits nor voltage limits (which have not been used in this case). Note also that the

CoIo and CoIu currents, which are active control currents, have not been used for the fit, since these coils are

only used for active control of the plasma during operation, and are not envisioned as static shaping coils for

designing shapes in AUG.

2.2.3 Dynamical evolution in vacuum

For the external conductors, both active and passive, FEQIS solves circuit equations of the type:

Lj
dIj
dt

+
∑
i

[
Mi,j

dIi
dt

+Ri,jIi

]
= Vj + (plasma term)j (12)

with Lj ,Mi,j the self and mutual inductances, and Ri,j the resistance matrix (allowing for complex connec-

tions of the coils). The supplied voltage to the coils is Vj , while passive conducting structures are assigned

0 external voltage input. The last term on the right–hand–side is the term that represents the effect of the

magnetic field produced by the plasma onto the conducting structures.

Note that the code is also capable of changing the circuit connections (resistance matrix, inductances, and

number of coils) during the time evolution, if required, which reflects the case of some devices where resistors

can be switched on or off, and some coils can be switched on or off during operation. It is also to be stressed

that only axisymmetric circuits and structures are represented in this code. 3D passive elements or closed

loop currents that do not close toroidally cannot be taken into account except via some "effective" resistance

effectively acting in the toroidal direction.

This system of 0D (in space) equations is solved in time with an implicit scheme, to ensure stability even

at large time step. The only explicit term being the plasma term, thus requiring the time step being at least

smaller than the typical time scale of plasma motion due to the varying conductor currents. In the case of

vacuum calculations in absence of the current–carrying plasma, the "plasma term" is set to 0.

2.2.4 Dynamical evolution with plasma

After the gas is ionized at the breakdown inside the vacuum chamber, the equations (12) start to include a

finite plasma term:

(plasma term)j = −dΨj

dt
(13)

with Ψj the magnetic flux created by the plasma onto the region of conductor j.
Since the plasma flux is computed by the static GSE, the system comprising of equations (12) and GSE are

iterated at fixed time slice until the sum of conductors and plasma fluxes converges. Note that this iteration

scheme converges only if the plasma+coils system is in the "resistive" branch of the MHD spectrum. Alfvènic

dynamics is not included in this framework.
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2.3 Details on the algorithm to solve the FBGSE

Independently of the mode of operation chosen to solve the free boundary equation, a few steps are always

performed to calculate the full solution. Here the details of these steps are presented.

2.3.1 Rectangular GSE solver

Given the toroidal current density distribution jϕ(R,Z) and the external flux map ψext(R,Z), the full flux is

obtained by linearly overlapping the plasma flux ψpl and ψext. The plasma contribution is obtained by solving

the following 2 steps system inside the simulation domain (R,Z) ∈ Ω defined as Ω, whose boundary is called

∂Ω:

∆∗g = jϕ ; [g]∂Ω = 0

∆∗ψ = jϕ ; [ψ]∂Ω = z(g) (14)

where the boundary function z(g) is obtained by performing boundary integrals of the Green function and

the perpendicular gradient of g. Note that the cyclic integral, when it happens to consider self–inductance

of a small segment of boundary, uses an analytical formula for the segment self–inductance as computed in

[BL77]. Numerically, the pair of equations (14) are solved using the discrete sine transform method in the

vertical direction as in [RPFtAUT16].

Once the plasma solution is obtained, the full flux is given by: ψ = ψpl+ψext+(artificial field if needed).

2.3.2 Finding the value of the magnetic axis position and the LCFS flux

Now one has the full map ψ(R,Z). To find the magnetic axis, one starts from the previously found value (or

initially from a guess value), and a simple "uphill" search algorithm will find the grid point with the maximum

value of ψ. After this, a local 9–point exact biquadratic interpolation routine will refine the solution and find

the real values of Rmag and Zmag. In practice, upon expanding locally ψ ≈ c1R
2Z2 + c2R

2Z + c3RZ
2 +

c4RZ + c5R
2 + c6Z

2 + c7R + c8Z + c9, a Newton scheme is employed to find the location that satisfies

∂ψ/∂(R,Z) = 0.

For the plasma boundary value, ψb, the algorithm is a bit more complex. At the very first calculation, the

code performs a full sweep of the 2D grid, and finds all points that satisfy the condition

∣∣∣∣∂ψ∂R
∣∣∣∣2 + ∣∣∣∣∂ψ∂Z

∣∣∣∣2 = 0,

which can be either O–points or X–points (aka null–gradient–points or NGPs). Obviously, the O–point which

coincides with the magnetic axis is discarded as it cannot be the plasma boundary at the same time. Next, all

NGPs that lie outside the limiter region are excluded. Conversely, all limiter points that are in the shadow

of an X–point are discarded. This is done by considering the domain divided in 4 quadrants with respect to

the magnetic axis. Any X–point point that appears in each quadrant defines the maximum (or minimum)

side of the box in which the plasma should be contained. In this way, it is clear that the plasma LCFS cannot

bypass an existing X–point on the same side (right, left, top, bottom). This is a rather crude description of

the X–point shadow regions, but it is found to be working well for typical tokamak plasma configurations.

Finally, all NGPs that are non–monotonically connected to the magnetic axis are also excluded. That is, if

going from the NGP to the magnetic axis, there is an inversion of the magnetic flux gradient, the NGP cannot

be the plasma boundary. Moreover, limiter points that are in the shadow of NGPs are also not considered.

This is simply achieved by checking in which quadrant, with respect of the magnetic axis, the NGP point is,

and then cutting the domain on the other side of the NGP point, with respect to the magnetic axis. This is a

rather simple and crude procedure, but it works for typical tokamak equilibria.

After having removed all pathological flux grid points, what remains between limiter points and NGPs is

compared in terms of the magnetic flux: the highest magnetic flux is assigned as the real plasma boundary
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value. From the second iteration on, or when the dynamical calculations are performed, the full 2D sweep

is not done. Instead, a sweep is done over the plasma LCFS of the previous iteration, to find (eventually)

new NGPs. Note that the search algorithm uses again a 9–points exact biquadratic interpolant, where the

null–gradient condition is obtained via a local Newton method solution.

When the poloidal flux value for the plasma boundary is found, an algorithm is employed to define a set of

points that describe this boundary in polar coordinates (ψ, θ) (Carthesian θ) which is then used in prescribed

boundary mode to evaluate the internal flux surface with more accuracy and compute the flux–surface–

average geometric quantities eventually needed by the transport code that embeds FEQIS. This algorithm

moves along the angle θ, and for each angle, moves along the ray from the magnetic axis outwards, in steps

of ds =
√

(dr cos θ)2 + (dz sin θ)2, with dr, dz the grid resolution steps in radial and vertical direction.

2.3.3 Deploying the new map of the current density

Once the new magnetic axis and LCFS flux values are found, the flux ψ is normalized between 0 (axis) and 1

(boundary). Next, a sweep algorithm, which starts from the closest grid point to the magnetic axis, checks all

grid points moving outside in spiraling fashion, until either the boundary flux is found, or the NGP or limiter

point is found. Points close to the boundary, but in the exterior vacuum region, are also stored as "ghost"

points, which will be discussed briefly later on. The plasma current density is assigned to the interior points

simply by interpolating the values of P ′, FF ′
from their original ψ normalized grid, onto the free–boundary

solution normalized ψ.

Since the boundary can cut in between grid points in different ways, an algorithm is used to assign a

current density to the exterior "ghost" points, to mimic the fact that the plasma partially occupies cells. Sup-

pose that the boundary would cut between grid points 1G and 2G, where "1" is at the left of "G", and "2"

is under "G". Let us call t1 and t2 the normalized distances between 1B1G and 2B2G, where B1G, B2G

are respectively the location of the intersection between the real boundary and the grid points connec-

tion grid lines. Let us also call the values of the current densities at B1G, B2G as j1G and j2G. Then the

value of the assigned current density on the ghost external point G is: jG = t1j1G + t2j2G − t1t2(j1G +
j2G)/2.. Then, we also define IG = t1 + t2 − t1t2 , whereas IG = 1 for interior points. The current

is then smoothed by employing a second order Shapiro filter for each grid point (l, k): jcorrected(l, k) =
IG(l, k)0.5 [j(l, k) + 0.25(j(l + 1, k) + j(l − 1, k) + j(l, k + 1) + j(l, k − 1))]. This smoothing avoids ex-

treme current profile gradients caused by a coarse–gridding of the 1D profiles. It can be seen that the formula

for the ghost points satisfies all the properties of the current density whenever the boundary intersects an

actual grid point or when either t1, t2 are 0.

This way of distributing the edge current density on external ghost points makes the code physically

sensitive to the boundary moving in between grid points, which is one goal of this method. The accuracy of

this method is however low order (first order accuracy), whereas other methods can be found in the literature

that reach second order accuracy [FMS92]. These more sophisticated methods could be implemented and

tested in the future.

2.3.4 Coupling with the 1D current diffusion equation

The 2D GSE solution provides only the geometry of the flux surfaces, both for the nested closed field line

region (plasma core) and the external region which is characterized by open field lines and the presence of

the external conductors. In the plasma core, from the side of the transport solver, a 1D current diffusion

equation (CDE) is usually solved for, to provide the 1D profile of the poloidal magnetic flux ψ as a function of

the underlying radial coordinate, which usually is the toroidal magnetic flux Φ. As such, the 1D CDE provides

ψ1D(Φ), whereas the 2D FBGSE provides ψ2D(R,Z). From the point of view of the code evolution, the two

fluxes are independent of each other. However, at the interface (the LCFS), the two fluxes must have the same
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value:

ψ1D(LCFS) = ψ2D(LCFS) (15)

This condition has to be forced from the side of the plasma core. That is, equation (15) has to be seen as a

definition of ψ1D(LCFS), that is the boundary condition for the CDE.

The problem is then to find an expression of ψ2D(LCFS), that contains implicitly ψ1D(LCFS), since

equation (15), when taken as an explicit definition, is extremely unstable during the time evolution. To solve

this issue we follow [KL93] and employ the following exact relation:

ψ1D(LCFS) = ⟨ψext⟩b + ⟨ψplasma⟩b (16)

where ⟨...⟩b denotes averaging over the plasma boundary (LCFS), and the second term on the right hand side

represents the plasma contribution to the boundary flux. This contribution can be represented as ⟨ψplasma⟩b =
LextIp, with Lext the external inductance of the plasma, and Ip the plasma current. The value of the ex-

ternal inductance is calculated via a double integral over the boundary using the Green function: Lext =
1

2πµ0Ip
⟨
∮

1

R
G|∇ψ|dl⟩b. On the other hand, the plasma current is expressed through the boundary gradient

of the poloidal flux: Ip = G(∂ψ/∂ρ)b, with the geometrical parameter G given by:

G =
1

4π2µ0

dV

dρ

〈
|∇ρ|2

R2

〉
(17)

with V the local plasma surface volume and ρ a generic radial coordinate (in ASTRA it is defined as ρ =√
Φ/(πB0) with Φ the toroidal magnetic flux and B0 the reference toroidal magnetic field). In the following,

we omit the "1D" pedix of the flux ψ calculated in the current diffusion equation except when said otherwise.

Physically, condition (16) simply says that the total flux on the plasma boundary is the sum of the vacuum

flux created by external conductors plus the flux generated by the plasma itself. Substituting equation (16) in

(15) we find our implicit boundary condition for the CDE:

ψb = ⟨ψext⟩b + LextG

∣∣∣∣∂ψ∂ρ
∣∣∣∣
b

(18)

where the external flux produced by the coils and the conducting structures ψext acts effectively as a source of

boundary flux. This implicit (and thus fully stable) boundary condition determines simultaneously the values

of ψb and Ip and lead to the full closure of the dynamical problem.

2.3.5 Speeding up the code

As mentioned in the introduction as a well known fact, the FBGSE system is non–linear, because the plasma

current density is remapped from the flux surfaces ψ of the old iteration, to the new iteration result. As such,

one single calculation does not suffice. Moreover, the kinetic profiles themselves need to be iteratively re–

adapted on the new flux surfaces. This requires performing nested iteration cycles if the numerical scheme

does not solve the entire plasma system in one single place (e.g. transport solver + equilibrium solver usually

solve on different grids). Performing the full iteration scheme may be rather time–consuming, especially if

parallelization of the individual elements is not available. For this reason, in FEQIS the user has the option

to switch off any sort of iteration scheme at fixed time steps, and instead use the time variable as effective

"iteration parameter". This is justified if the time step is lower than the typical time scales like the confinement

time, or the current density/plasma motion (resistive time), or the conductor currents (L/R) time scale.
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Moreover, the calculation of the conductor currents is decoupled from the plasma term itself. That is, in

equation (12), the plasma term, equation (13), is "frozen" in between two consecutive GSE calls, where the time

derivative is correctly computed using the equilibrium calls time difference. In this way, while the vacuum

field is effectively changing following the conductor currents evolution, the plasma itself is only updated

every now and then. This is particularly advantageous in steady–state phases with no particularly strong

perturbations. The algorithm is devised to call the GSE when relative changes in several parameters (defined

by the user) are observed, e.g. plasma β and li, or the plasma position (R,Z)AX . The non–linear iterations

can be switched on at any time during the code run, thus allowing the user to accelerate or slow down the

calculation depending on the accuracy needed. For example, the non-linear iterations could be switched back

on if a vertical displacement event (VDE) is detected (check on the vertical position variation). Presently, no

specific criterion is included in the code, whereas this has to be defined by the user itself. In the simulations

shown later, the criterion used to define at which time the GSE solver is called (non–linear iterations are

permanently switched off) is described below. First, the time between calls can only vary between a minimum

which is the same as the circuit equations τcirq, and a maximum which we define as 5τcirq. Starting from the

minimum, the time between calls is increased by 10% at every time step if ε < 1%, where ε = (|Z−Z0|+|R−
R0|)/a, and the magnetic axis position values R,Z are the new evaluation and R0, Z0 is the old evaluation.

a is the plasma minor radius. If the error ε > 1%, the interval between calls is reduced by 20%.

Finally, the code can be run with the minimal grid resolution compatible with still accurate results, which

in the simulations shown later, is 65x65 grid points, and the solution region is minimally surrounding the

limiter area. A comparison of the results obtained using a 65x65 or a 129x129 grid will be shown later in

figure (11).

3 Application in Fenix and benchmark against SPIDER

The FEQIS code has been coupled to the ASTRA transport solver [PY91, FAC
+

13], and used as the dynamical

FBGSE solver to carry out full–discharge simulations in the flight simulator Fenix [FJT
+

22]. Here we apply

this integrated modeling tool to ASDEX Upgrade discharge #40405, a H–mode discharge characterized by a

short flat-top and long ramp–down. ASTRA is also coupled to the free boundary GSE solver SPIDER [IKMP09],

which is used here to benchmark the new code FEQIS.

In the set of figure 5, figure 6, and figure 7, the result of the benchmark on the full–discharge evolution

is provided. As it can be seen from the three plots, the agreement between the new code FEQIS and the

established SPIDER code is excellent. A small discrepancy can be seen randomly around each trace, which is

expected since the codes use different algorithms. However in FEQIS a higher sensitivity of the plasma shape

on details of the edge pressure gradient is observed, leading to a slightly larger plasma Shafranov shift. This

results in a visible, albeit small, systematic difference in the innermost plasma boundary major radiusRin and

the plasma vertical top position Ztop.

3.1 Comparison between different levels of iterations accuracy

Before concluding, three runs have been carried out, where the results are compared when running FEQIS with

full non–linear iterations at the same time step (slower mode), without non–linear iterations but calling the

GSE solver at each time step, and finally when sparsely calling the GSE solver depending on the background

variation of plasma parameters.

The comparison is displayed in figures (8, 9, 10).

It can be seen that there is practically no difference between the various runs (the basic time step used here

is 0.2 ms). However, the run with full non–linear iterations is much slower, requiring around 4 minutes to be

performed for this short time window of 2.5 s of discharge, whereas the other two modes take respectively
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Figure 5: Time traces of the various conductor currents, all given in units of A/turn, as a function of the time along the
discharge, where t = 0 marks the start of the breakdown plasma initiation and t < 0 is the vacuum phase. The code
results using SPIDER are in black, whereas the code results using FEQIS are in red.
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Figure 6: Time traces of the voltage applied to each individual conductor. The voltage is given in units of V. For the last
two coils PSLo and PSLu, which are passive stabilizing coils, no external voltage is supplied. Color coding is the same
as in the previous figure.
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Figure 7: Time traces of various quantities: plasma current Ip [MA], line averaged density ⟨ne⟩ in 1019m−3, plasma
external inductance Lext normalized to 2µ0R, plasma elongation k, outer strike point vertical position (o.s.p.) in [m],
inner strike point vertical position (i.s.p.) in [m], internal inductance li(3), current centroid major radius Rcur, and
vertical position Zcur, plasma energy W in [MJ], central electron temperature Te [keV], innermost LCFS major radius
Rin [m], top LCFS vertical position Ztop [m], minor radius a [m], outermost LCFS major radius Rout, vacuum poloidal
flux on the plasma boundary ψext,b. Color coding is the same as in the previous figure.
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Figure 9: Color coding is the same as in the previous figure. Here the time traces are the voltages in [V] applied to the
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Figure 10: Color coding is the same as in the previous figure. Here the time traces are: plasma current Ip [MA],
line averaged density ⟨ne⟩ in 1019m−3, plasma external inductance Lext normalized to 2µ0R, plasma elongation k,
q95, magnetic axis vertical position Zmag, internal inductance li(3), current centroid major radius Rcur, and vertical
position Zcur, plasma energy W in [MJ], central electron temperature Te [keV], innermost LCFS major radius Rin [m],
top LCFS vertical position Ztop [m], minor radius a [m], outermost LCFS major radius Rout, vacuum poloidal flux on
the plasma boundary ψext,b. Color coding is the same as in the previous figure.

Open Plasma Science 1, No.2 (2025) 18 | 23

https://doi.org/10.46298/ops.14641


10.46298/ops.14641 Fable et al.

about 30 s when calling the GSE at every time step and about 20 s when calling it sparsely depending on

the steadiness of the plasma. Notice that the sparse calls could be tailored to follow fast events and be more

relaxed during quiet phases, but the precise criterion is not given as part of the code.

Finally, a comparison using 65x65 or 129x129 grid is presented in figure(11). Notably the kinetic quantities

and most of the geometric quantities do not deviate by reducing the resolution. The only exception is the

coil current that is modified a bit (around ∼ 15%) is the OH2u coil current. This coil is used for strike–

point control, as such it is more sensitive to the grid resolution which impacts the accuracy with which the

separatrix legs and their intersection points with the divertor targets are obtained.

4 Conclusions

In this work, a new dynamical Grad–Shafranov and circuit equation solver FEQIS is presented. This code

primary scope is to do forward modeling of the plasma equilibrium evolution inside predictive modeling and

particularly inside the flight simulator framework. Its various modes of operation and details of the algorithms

employed to solve specific aspects of the free–boundary problem are presented.

A comparison with the SPIDER GSE solver is carried out inside the flight simulator Fenix framework, run-

ning a full–discharge prediction for an existing H–mode from the ASDEX Upgrade. The agreement between

FEQIS and SPIDER is excellent and poses the basis for further developments of FEQIS. In particular, pushing

the speed of the code will be the main direction going forward, whereas as of now FEQIS and SPIDER have

similar computational speed when both are run with rectangular grid description. Moreover, ferro–magnetic

materials will be included via the magnetization currents method.
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Figure 11: Same set as in figures (8,9,10), but for a comparison using a rectangular grid of 65x65 (black lines) or of
129x129 (red lines).
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1 Introduction

PFAS are fluorinated organic molecules characterized by their carbon chain saturated with fluorine instead

of the usual hydrogen atoms. These molecules are widely used in industry and cosmetics, and have numer-

ous applications in everyday products such as non-stick coatings for kitchen utensils [BAK
+

23]. However,

numerous studies on their health impact classify them as potentially carcinogenic [AOG24] and reprotoxic

[CYM
+

23].

Moreover, the carbon-fluorine bond in these molecules is very strong (> 5 eV), leading to a very low

degradation rate, earning them the nickname "forever pollutants." Combined with their toxicity, this longevity

places them at the center of numerous environmental regulations, particularly on drinking water with the

European directive 2020/2184 [eud20], which already lists 20 PFAS to monitor and treat if their concentration

exceeds certain thresholds.

Numerous experimental methods are attempted to study PFAS degradation [AISH23] such as non-thermal

plasma at atmospheric pressure [SFB
+

19] or ozonation [LSC
+

22]. The common feature of advanced oxidation

processes, including non-thermal plasma at atmospheric pressure, is the availability of the hydroxyl radical

HO
•

in water, which is recognized as a primary oxidant in [LVG10, WX12]. Despite availability of these

experiments, there is a need for predicting the degradation products, pathways and rates of the very large

number of PFAS, estimated above 14,000 [AGGH
+

24].

Since the basic mechanism of pollutant molecule degradation is a reactive process at molecular scale,

Molecular Dynamics (MD) simulation is relevant for predicting degradation products. Molecular Dynamics

simulations have benefited from the advent of a now popular reactive forcefield: reaxFF [vDDLA01, SHI
+

16].

For describing PFAS, a relevant reaxFF forcefield, able to correctly describe carbon - carbon and carbon -

fluorine bonds [SSNA
+

13], is available. This potential has also been recently validated on a PFAS sonolysis

study [dSHK
+

23].

In the present study, MD simulations were carried out with a temperature ramping between 300 and

5300 K. It allows to determine the temperature domains for C–C and C–F bond breaking, as well as identi-

fying all possible products up to CO2 conversion under action of HO
•
. It should be noticed that this work

is not corresponding to a specific process, but it is proposing a methodological tool for finding energetic re-

quirements for PFAS degradation. It is applied to the most known PFAS, say perfluorooctanoic acid (PFOA,

C8HF15O2) and Perfluorosulfonic acid (PFOS, C8HF17O3S). Figure 1 displays the form of these two molecules.

Figure 1: Drawing of PFOA and PFOS. Color coding: Carbon grey, Hydrogen white, Oxygen red, Fluorine blue, Sulfur yellow.
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The highest temperature of the ramp is chosen to correspond to temperature reachable in sonolysis ex-

periments where cavitation bubbles are able to reach such high temperature locally [dSHK
+

23].

2 Molecular Dynamics simulations

Molecular Dynamics is a simulation method that describes the behavior of an N-body system. It considers

each of the N species in the simulation as distinct objects subject to Newtonian mechanics, i.e., with a defined

position and velocity dependent only on the forces exerted on them, according to the following equation:

mi
d2r⃗i(t)

dt2
= f⃗i(t), with f⃗i(t) = −∂V (r⃗1(t), r⃗2(t), ..., r⃗n(t))

∂r⃗i(t)
(1)

Where r⃗i(t) is the position of atom i at time t, mi is its mass, and f⃗i(t) are the forces applied to atom i at

time t. V = V (r⃗1, r⃗2, ..., r⃗n) is the interaction potential among all species.

These forces exerted on each atom then determine its position and velocity at the next timestep through

discrete time integration. By repeating this method as many times as necessary, it becomes possible to deter-

mine the behavior of atom assembly.

To correctly simulate the behavior of these systems, we need to know the initial configuration, prefer-

ably matching, at best, experimental situations. The forces between atoms are derived from the interaction

potential V (r⃗1(t), r⃗2(t), ..., r⃗n(t)). There are various categories of potentials. Ab initio potentials are based

on quantum mechanics equations which require significant computational power. There is also a category

of semi-empirical potentials that approximate these forces, allowing much shorter computation times for the

same simulation. One of the most relevant is the reaxFF one, which is both reactive (allows bond breaking and

formation based on bond order concept) and includes variable charges (atomic fractional charges calculated

and equilibrated every chosen timestep interval) [SHI
+

16].

ReaxFF was originally developed to simulate hydrocarbons [vDDLA01] and has undergone numerous evo-

lutions applying it to a broader range of simulations, including oxidation in aqueous environments [YNS
+

14,

BAB
+

21]. This potential considers numerous factors when calculating the energy contribution of the inter-

action between each atom in the system. The system’s energy is calculated as follows:

Esystem = Ebond + Eover + Eunder + Eval + Epen + Etors + Econj + EvdW + ECoulomb

Ebond uses the distance between two atoms to determine the bond order and calculate its energy. The terms

Eover and Eunder impose energy penalties when an atom has too many or too few bonds with its neighbors.

Additionally, Eval and Etors add an energy penalty to the system when the valence and torsion angles deviate

from the expected equilibrium value, respectively. Epen is present to penalize certain configurations when

two double bonds share the same atom. The term Econj is used to account for conjugated systems, while

EvdW represents the van der Waals interaction between different atoms. Finally, ECoulomb represents the

Coulomb interactions between atoms due to the partial charges assigned to them by the "Electronegativity

Equalization Method" [MGS86, JTB
+

97].

For completeness, we used the reaxFF parameters used in [SSNA
+

13, dSHK
+

23] which were already tested

for describing C-F bonds in various situations, including PFAS.

To study the degradation products of PFAS, a methodology similar to Brault et al. [BAB
+

21] was adopted.

The simulation boxes are cubes with sides of 15.3 Å containing, randomly located, a PFAS molecule, 10 HO
•

radicals, and 30 water molecules. The 10 HO
•

radicals allow a concentration relative to the pollutant similar

to that found in water when subjected to a plasma discharge on the surface. While 100 water molecules

would be needed to represent the correct water density, only 30 were used to make the calculations faster,

without influencing the results [BBM
+

23]. This is a very high ratio of PFAS and HO
•

with water molecules:
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water molecules are introduced for mimicking the environment of the degradation reactions. This allows

accelerating the dynamics for determining the created products. Periodic boundary conditions are applied in

all directions, mimicking bulk water processes.

For each considered PFAS, a set of 10 simulations was performed, with different initial conditions and then

subjected to equilibration at 300 K for 1000 fs with timesteps of 0.1 fs, followed by a temperature ramp from

300 K to 5300 K with a rate of 50 fs.K
−1

, ending with a second equilibration step at a constant temperature

of 5300 K. The temperature is controlled using a Nose-Hoover thermostat with a 100 fs damping time. We

then monitor the evolution of the chemical species present during the simulation for each simulation boxes

and then results are averaged. An alternative way was tested: the use of a stepped temperature ramp to give

more chance to potential species that might not have time to form in the previous case. However, as seen

in Figure 2, there is no noticeable differences. The continuous ramp method was thus retained to easily link

integration timesteps to temperature.

Figure 2: Comparison of a simulation a) without and b) with stepped temperature ramp. In purple is the temperature. The other
colors represent the average number of molecules of each species during the simulation. In blue is the original PFOA molecule, in
yellow CO2, in green CF2, and in red the sum of molecules with 8 carbons and 15 fluorine atoms. We can see that the two figures
are quite similar, with reactions occurring faster in terms of time for the stepped ramp but at similar temperatures.
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3 Results and discussion

We are interested in the evolution of species during the simulation to determine the reactions that occurred for

a PFOA molecule. We average the results over the ten simulations performed to better represent the evolution

of various species. Figure 3 shows the reaction path taken at the beginning of the simulation. The blue line

represents PFOA; we see that this molecule rapidly disappears in favor of C8F15O2 (in green), indicating

that the hydrogen atom of the functional group of the PFAS molecule is rapidly removed. The next step is

much slower and occurs between 900 K (≈ 3. 10
5

timesteps) and 1700 K (≈ 6. 10
5

timesteps): C8F15O2

molecule disappears while a CO2 molecule (in purple) and a C7F15 molecule (in red) appear, suggesting that

the previous molecule splits. Additionally, the yellow curve closely following the green curve shows that no

other molecule containing 8 carbon and 15 fluorine atoms is formed.

In the long term, our main molecule continues to degrade. We can see in Figure 4 the continuation of

the reaction. Thus, the C7F15 molecules (still in red) are degraded into C5F11 molecules (blue) and C2F4

molecules (green), in the temperature range from 2500-3000 K. TheC5F11 molecules are then rapidly degraded

into C3F7 molecules (yellow) and also to C2F4 molecules. Then, the C3F7 molecules are degraded into C2F4

and CF3 (purple). Finally, the C2F4 molecules begin to degrade into two CF2 molecules around 3400 K. All

generated molecules during the 10 runs are listed in Table S1 in the supplementary information.

Figure 3: Evolution of the average number of molecules of certain species at the beginning of the simulation. Table S2 in supple-
mentary information gives the details of the considered molecules.

To go further, we identify the products at the end of the reaction in Figure 5. We thus follow the evolution

of the number of molecules containing one carbon, an arbitrary number of oxygen and hydrogen, with 4,

3, and 2 fluorine atoms in red, green, and yellow, respectively. The number of CHxF3Oy molecules is quite

stable from 3500 K, while the number ofCHxF2Oy continues to increase until 4300 K due to the degradation of

C2HxF4Oy molecules seen previously. In the end, we have about 0.2 CHxF4Oy , 1.2 CHxF3Oy , 4 CHxF2Oy .

We have represented the sum of molecules containing one carbon and at least one fluorine in blue, and we

find the expected 6.4 molecules. Additionally, the number of CO molecules being 1.6, we can be certain of

having identified all the degradation products containing carbon found at the end of the simulation. It is worth

noting that identifying CF4 as a relatively rare degradation product demonstrates the utility of our method

Open Plasma Science 1, No.4 (2025) 5 | 11
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Figure 4: Evolution of the average number of molecules of certain species in the middle of the simulation. Table S3 in supplementary
information gives the details of the considered molecules.

Figure 5: Evolution of the average number of molecules of C1 species at the end of the simulation. x, y = 0, 1, ... and * means z≥ 1.
Table S4 in supplementary information gives the details of the considered molecules.

for detecting reactions with a relatively low probability, allowing us to provide a more complete picture of

the final and intermediate products that appear during the degradation reaction.

We were able to identify the degradation pathway of a PFOA molecule. Indeed, the molecule first loses its

hydrogen, followed by a carbon and two oxygen atoms that form a CO2. Then, the remaining organic chain

is cut two carbons at a time, forming numerous C2F4 molecules, which are then mainly degraded into CF2.

Open Plasma Science 1, No.4 (2025) 6 | 11
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We can represent the reaction sequence as follows:

C8HF15O2 +HO• −→ C8F15O2 +H2O

C8F15O2
nHO•
−→ C7HxOyF15 +CO2

C7F15
nHO•
−→ C5HxOyF11 +C2F4

C5F11
nHO•
−→ C3HxOyF7 +C2F4

C3F7
nHO•
−→ CHxOyF3 +C2F4

C2F4
nHO•
−→ 2CF2

x, y = 0, 1, ...;n = 0, 1, ...

This reaction pathways are consistent with literature [LSC
+

22]. Nevertheless, it should be noticed that

the formation of C7F15 can be alternatively followed by the formation of C6F15COOH. This way the carboxylic

group always remains up to the triflic acid final product CF3COOH after interaction with two additional HO
•

radicals, H2O and HF [SFB
+

19]. It thus requires a higher concentration of HO
•

radicals close to the PFOA

and related products.

3.1 Case of PFOS

The same methodology can be used for perfluorooctanesulfonic acid (PFOS) with the chemical formulaC8F17SO3H.

We find that the molecule also very quickly loses its hydrogen with a HO molecule to form a water molecule.

Then, the molecule separates into two new molecules at a temperature ranging from 1700 K to 2300 K. SO3

andC8F17 molecules are thus formed. TheC8F17 molecule will then yield twice a molecule ofC2H4 when the

temperature ranges from 2500 K to 3300 K. The resulting C4F9 molecule is then degraded into three different

molecules: C2F4, CF2, and CF3 from 3100 K. At the end of the simulation, SO3 (sometimes accompanied by

one or two water molecules) and numerous CF and CF2 are obtained. All generated molecules during the 10

runs are listed as Table S5 in the suplementary information.

Figure 6: Evolution of the average number of PFOS and product molecules at the beginning of the simulation, up to 0.1 ns. Table
S6 in supplementary information gives the details of the considered molecules.
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Figure 7: Evolution of the average number of productmolecules between 0.1 and 0.25 ns of the simulation. Table S7 in supplementary
information gives the details of the considered molecules.

Figure 8: Evolution of the average number of molecules of C1 species at the end of the simulation. x, y = 0, 1, ... and * means z≥ 1.
Table S8 in supplementary information gives the details of the considered molecules.

Thus, the reaction pathways extracted from figures 6,7 and 8, consistent with previous experimental find-

ings [LSC
+

22], can be written as follows:
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C8HF17O3S + HO• −→ C8F17O3S + H2O

C8F17O3S
nHO•
−→ C8HxOyF17 + SO3

C8F17
nHO•
−→ C6F13 +C2F4

C6F13
nHO•
−→ C3HxOyF7 +C2F4

C4F9
nHO•
−→ CHxOyF + CHxOyF2 +C2HxOyF4

x, y = 0, 1, ...;n = 0, 1, ...

Since these simulations have been carried out only with HO
•
, it should be noticed that under other physi-

cochemical degradation conditions, including other reactive radicals, accessible by reactive Molecular Dynam-

ics simulation, the degradation products, reaction paths, rates of appearance and proportions of metabolites

produced over time can be very different, for the same starting PFAS. More generally, this makes it possi-

ble to consider describing, by this type of simulation, any advanced oxidation/reduction process, including

photo-assisted.

4 Conclusion

This work allowed us to use a relevant ReaxFF potential for simulating the degradation of PFAS in water

by HO radical oxidation, which is expected to mimick the effects of plasma interaction with PFAS polluted

water. It also validates the simulation methodology involving a temperature ramp during the simulation.

This methology allows thus to predict all possible degradation products of PFAS interacting with HO
•

in

water. Moreover the link between products and temperature can be useful for reverse analysis: knowing the

temperature at which a product is formed can be used to infer the best process to obtain it.
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